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PREFACE 

It is generally admitted that the standard courses 
of pure mathematics as taught in schools and 
colleges are not well adapted to form part of the 
professional training of engineers. But mathe- 
matics must form a large and an essential part 
of this training; and there has arisen a large 
body of text-books written to satisfy the special 
needs of engineering students. As a rule, how- 
ever, these text-books will be found to con- 
sist of extracts, more or less modified, from the 
standard courses, interpolated with examples 
from engineering subjects proper. It is inevit- 
able that the result of this scissors-and-paste 
method lacks the essential virtues of the original 
courses, logical development and ease of compre- 
hension. Our experience is that the undoubted; 
difficulty which the engineer has with mathe-j 
matics is due principally to his general difficultv 
in reasoning in mathematical language, and than 
his difficulties are not restricted to the calculus.! 
In this book, the outcome of the combined' 
efforts of an engineer and a mathematician, it 
has been our aim and ambition to develop a 
course ab initio, treating engineering calculus as 
a subject of engineering. This has led us to 
endeavour to create a whole, logical and con- 
sistent in itself, in which the point of view has 
always been that of the engineer, has always 
been concrete rather than abstract. We ap- 
proach each new development of the subject 
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through an engineering problem, so that first 
the need of a proposition may be felt, and then 
the proposition provided. Mathematical terms 
are defined more in every-day language than is 
usual, and a large amount of consideration is 
naturally given to typical engineering applica- 
tions. Particular stress has been laid upon steps 
of reasoning which experience has shown to pre- 
sent obstacles to students. 

The student will find throughout the book a 
number of exercises by which he may test the 
extent to which he has followed the various 
sections of the work. He is strongly recom- 
mended to work carefully through these, as it is 
only by continual practice that he can expect to 
become fully acquainted with the subject. 

The marks (c), (m) and (e) which will be 
found alongside many of the examples and ex- 
ercises indicate that the problems are of par- 
ticular interest to civil and constructional, 
mechanical and electrical engineers respectively. 

For those students who wish to obtain a fair 
idea of the principles of the calculus as applied 
to engineering problems, and who have not time 
to work systematically right through the book, 
we would recommend the following shortened 
course : Chapters I and II, IV, V, VI, VII, X. 

We wish to express our thanks to Prof. Horace 
Lamb and Mr. W. W. F. PuUen for permission 
to include the tables of exponential functions 
and hyperbolic logarithms respectively, and to 
Mr. A. E. Monkcom, A.E.C.S., for assistance 
and suggestions with the proofs. 

EWAET S. ANDEEWS. 
H. BEYON HEYWOOD. 

London, August, 1914. 



TABLE OF CONTENTS 

CHAPTER I 

PAGE 

Introduction and Gbaphical Tbeatment ... 1 

Physical Quantities and Numbers — The Variation and 
Interdependence of physical quantities — Variable 
Quantities — The Expression of Physical Relations 
by Means of Graphs^ — Slopes — Derived Curves — 
Discontinuity — Sum Curves — Measurement of 
Areas. 

CHAPTER II 

Laws Expressed Symbolically 38 

Algebraical Laws — Point of Inflection — Trigonometric 
Formulae — Harmonic Motion — Inverse Relations. 

CHAPTER III 

Laws Expressed Symbolically (eontimied) . . .63 

Exponential and Logarithmic Laws — Mixed Laws — 
Function of a Function 

CHAPTER IV 

Systematic Differentiation 79 

Slopes Obtained from Formulae — Function of a 
Function — Fundamental Slopes — Standard 
Slopes — Successive Differentiation — Steam- 
engine Mechanism. 

CHAPTER V 
Applications and Detblopmbnts of Differentiation 99 
Maxima and Minima — Point of Inflection. 



Vlll TABLE OF CONTENTS 

CHAPTEK VI 

PAGE 

Systematic Intbgbation 121 

Integrals— Eeduotion to Standard Form— Partial Frac- 
tions — Transformation of Independent Variable 
— Integration by Parts. 

CHAPTER VII 

Applications and Developments of Integration . 141 

Work done in Engine Cylinder — Centres of Gravity and 
Centroids — Continuous Bodies — Moment of Inertia 
— Radius of Gyration— Second Moments — Centre 
of Pressure and Load Point — Friction on Footstep 
Bearings — Problems on Flow of Water — Kinetic 
Energy Stored in a Fly-wheel — Deflections of 
Beams. 

CHAPTER VIII 

Partial Diffebbntiation 196 

Several Independent Variables — Differentials and 
Small Variations — Total Variation. 

CHAPTER IX 

Differential Equations 204 

Examples and Solutions — Simple Harmonic Motion — 
Eulers' Column Formula. 

CHAPTER X 

PuBTHER Geometrical Applications and Special 

CUBVBS 216 

Radius of Curvature — Length of Curved Outlines — 
Catenary and Traotrix — Envelopes, Evolutes and 
Involutes — Cycloids. 

Appendix — Mathematical Tables 239 

Exponential and Hyperbolic Functions — Hyperbolic 
Logarithms of Nos. from 1 to 50 — Logarithms — 
Anti-Logarithms — Trigonometrical Functions — 
Tables of Squares, Cubes, etc. — Areas and Circum- 
ferences of Circles up to 6-inch Diameter (Ad- 
vancing by 32nds and 16ths) — Areas of Circles 
Advancing by lOths — ^Metrio Equivalents— Equi- 
valent Values of Millimetres and Inches — Kilo- 
grammes in Pounds. 

Index 267 



SUMMARY OP RESULTS ASSUMED KNOWN. 

The following are a few of the more important results that 
should be known by a student reading this book. They are 
not intended, however, to represent u complete summary of a 
preliminary course in Mathematics : — 

I. Algebra. 

(1) Representation of quantities by symbols. (This, how- 
ever, is developed at length in Chaps. II and III.) Calculation 
from formulae. 

(2) The simple rules — addition, substraction, multiplication 
and division — and their applications. The student should be 
able to deal with easy fractions, factorisations, etc. 

(3) Equations, linear and quadratic, and linear simul- 
taneous equations. Algebraic and graphical solutions of 
equations. 

(4) Indices. 

^ means s/^, the g* root of av. 
The laws of indices. 

a™ X a" = 0™+" 
a'" -^ a" = a"*-" 
(o™)« = o™" 
a" = 1. 

(5) Logarithms. 

Laws. log (a X 6) = log a + \og b 

log (a -^ 6) = log a - log 6 

log a™ = m log a. 

log^c = log^6 X logjC. 
Numerical calculations with logarithms. 

II. Geometry. 

(1) Triangles, especially congruence (i.e. equality in all 
respects) and the following propositions :— 

(a) The sum of the angles of a triangle is two right 
angles. 
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(6) Pythagoras' Theorem — if c is the hypotenuse and 
a and b are the sides of a right-angled triangle, 
then c^ = a^ + b'-. 

(2) Parallelograms. 

(3) Circles — chords, arcs, tangents, and the proposition, 
If two chords AOB, COD intersect at 0, then 

AO . OB = CO . OD. 

(4) Ratio and Proportion, simple results, especially — 

A parallel to the base of a triangle divides the sides 

proportionally — 
And the converse. 
Similar figures are figures having the same shape : 

they can be placed in perspective. 

(5) Mensuration : — 

(a) Triangle : area = J6fe = ^ s(s - a){s - b)(s - c) 

= Ja6 sin C. 

(b) Trapezium : area = J(a + b)h. 

(c) Circle: circumference = 27rE 

area = ttBA. 

(d) Prism (or prismatic cylinder) : 

volume = height x base 

= slant height x right section. 

(e) Gone : volume = \ base x height. 
(/) Sphere : area = ijrE^ 

volume = ^irE^. 
(g) Spherical Cap : volume = j7rfe2(3E - h). 
(h = height of cap). 
III. Trigonometry. 

(1) The measurement of angles in degrees and radians 
(circular measure). 

(2) Definitions of the trigonometric ratios : — 

Sin 9, cos e, tan 9, cosec 8, sec B, cot 9. 

(3) FormulcB. 

Cos2 9 + sin" 9 = 1. 

Tan^ 9 = 1- sec^ 9 cot^ 9 = 1- cosec^ 9. 

Sin 9 = CDS C- - 9) = - cos {- + e\= sin (tt - 9) 
= sin (2ir + 4) = - sin ( - 9). 

Coa9 = sin Q - e\ = sin (| + 9) = - cos (tt - 9) 
- cos (27r + 9) = cos ( - 9). 
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Tan e = oot (^ - e) = - tan (tt 



Sin 29 = 2 sin 6 cos 8. 
Cos 29 = cos 28 _ sin 29 = 2 cos 29 - 1 
= 1 - 2.sini'9. 
Sin (A + B) = sin A cos 9 + cos A sin B. 
Cos (A + B) = cos A COS B + sin A sin B. 
(4) The use of Trigonometric Tables, The following special 
ratios : — 
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(5) When 9 (naeasured in radians) is small, sin 8 and 9 
approach each other in value, thus : — 

Sin e = 8 (approx. for 9 small), 
and the ratio sin 916 approaches unity. 

The value of the tangent also approaches the value of 9. 
These facts are illustrated by the follov?icg table : — 



egrees. 


Radians (8). 


Sin 8. 


Sin 0le. 


Tan 9. 


20° 


•3491 


•3420 


1-0207 


•3640 


10° 


■1745 


•1736 


1-0049 


■1763 


5° 


•08727 


•08716 


1^0013 


•08749 


1° 


•0174533 


•0174524 


1^0001 


•0174551 



It will be noted that, when the angle is less than 90°, 

Sin 8 < 8 < tan 8. 
(6) The folio-wing properties of a triangle — a, b, c are the 
sides of the triangle, and A, B, C are the opposite angles :— 
a2 = 62 + c2 - 26c cos A 

Sin A sin B sin C 



THE CALCULUS. 

CHAPTER I. 

THE CALCULUS— INTRODUCTION AND GRAPHICAL 
TREATMENT. 

§ 1. Physical Quantities and Numbers.— The 

physical quantities with which the engineer mostly 
has to deal are length, area, volume, time, mass, 
speed, acceleration, momentum, force, energy or 
work, power, stress (especially pressure, compression 
or tension, and shearing stress), and the electrical 
quantities, — quantity of electricity, resistance, voltage 
or potential, capacity, electric force, quantity of mag- 
netism, magnetic force, inductance. All these are 
measurable and can be represented by numbers. 
It is very important to notice that all measurement 
is approximate, not exact. 

We will take the simplest quantity, length, and 
what is said of that applies to all. If we use an 
ordinary scale we can read a length to the nearest 
Y^jj- in. or by estimation to the nearest yjj^ in. ; if we 
use a micrometer gauge, however, we can read, say, 
to the nearest y^Vo^ in., and physicists carry measure- 
ment to a much higher degree of accuracy. The 
reading obtained in the first case would be expressed 
for instance by 6 '43 in., and in the second, 6 "427 in. 

1 
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In any reading the last figure expresses the limit of 
accuracy either of which our instrument is capable 
or which we require for our purpose. It is especially 
important not to omit final ciphers; thus 6 '40 should 
never be written 6 '4, for the latter would imply that 
we were incapable of reading to hundredths of an 
inch, so that the reading might really be, for instance, 
6-37 or 6-42. 

As we have already said, our limit of accuracy 
may not be the delicacy of our instruments, but the 
special requirements we have in view. Por example, 
if we were constructing a connecting rod, say 6 ft. 
long, we should have to make our measurement to 
the nearest ]-J„ in., but if we were estimating the 
amount of tar necessary for a path about 6 ft. wide, 
the nearest inch would be more than accurate enough. 
This does not mean that we could not measure the 
path more accurately; doubtless we could measure 
it to a hundredth of an inch with proper precautions ; 
but the accuracy is sufficient for our purpose. 

Eeeors. — Very often we are not quite certain of 
the last figure of our reading. Such would be the 
case if we were measuring with a scale graduated to 
tenths of an inch, and were estimating to hundredths. 
A reading 6'-43 might really be 6-41 or 6'44, say. 
The discrepancy is called thfe error. In some cases 
the error may be eliminated or reduced by taking the 
average of several readings, but it must be borne in 
mind that taking the average will never give another 
decimal place ; the average of ten scale readings esti- 
mated to hundredths will not give the result correct to 
a thousandth. 

The error mentioned iabove is the absolute error, 
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What is usually more important is the proportional 
error, that is the ratio of the absolute error to the 
reading. The error on the reading 6'41 of the correct 
value 6-43 is - 02, and the proportional error is 
-•02 



- -003. 



It would come to the same 



Usually the percentage 



6-43 

thins if we took , 

^ 6-41 

error is taken, i.e. 100 x proportional error, in this 
case - '3. We have a good example of this kind in 
the case of I beam and like rolled sections used in 
constructional steelwork. The makers cannot guar- 
antee the sizes of these sections within 2^ per cent, 
of the standard values. It would therefore be quite 
useless to calculate the safe load upon a girder as 
12-3728 tons, because in that calculation we have 
assumed that the section is exactly as listed, but it 
is probably not quite, so that 124 tons would be all 
that it is worth while giving as the safe load. 

In this connexion we should note that it is always 
the significant figures that count, not the decimal point. 

-If, for instance, we are measuring the extensions 
in a steel bar 30 in. long, and it comes to '0176 in. 
and we want the strain (i.e. extension per unit length), 

•m 7fi 
we say strain = = '000587 ; this will then 

have the same percentage error as our original 
measurement although there are more places of 
decimals. 

§ 2. Mathematical Formulae.' The Variation 
and Interdependence of Physical Quantities. — It 

'The student is supposed to know a little elementary algebra 
— see the summary of early work. 
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is convenient for the sake of brevity to use single 
letters for physical quantities, and thereby express 
the relations between them in a compact form. For 
instance, for a rectangle we have 

length X breadth = area, 
and this may be written 

Z X 6 = A, or simply lb = A, 
if we agree that I shall stand for length, b for 
breadth, and A for area. Or again take the case of 
a rod of constant cross section stretched by hanging 
a given weight to its end ; the elongation is propor- 
tional to the weight and the length of the rod, and is 
inversely proportional to the cross section. This 
can all be expressed by the formula 

«-l <» 

where 8 is the elongation, W is the weight applied, 
I is the length of the rod, A is its cross section, and 
E is a "numerical constant " (Young's Modulus). 

These formulae express laws connecting physical 
quantities. To work out a result for any practical 
case, we must " put into the formula " the numerical 
values for this case. 

Vaeiable Quantities. — So far we have supposed 
that we had only one isolated case to deal with, for 
example the elongation of a bar of given dimensions 
under a given weight. But we have also to think of 
instances where the physical quantities take a whole 
range of values. In the cylinder of a steam or gas 
engine, the volume and pressure vary continuously, 
and we are concerned with it not in merely one or 
two special positions but in every position. The 
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volume and the pressure are variable quantities or 
variables. To take some other cases, the tempera- 
ture of the air is a variable ; it varies with ^ the time, 
i.e. from hour to hour and from day to day ; the out- 
put of an engine varies with the fuel consumed ; the 
electric current in a circuit varies with the voltage. 
We could consider the example mentionei^ above (1) 
as a variable case ; we might suppose the weight W 
to increase continuously, then the elongation S would 
vary with the load. 

In all these cases we might consider one variable 
as independent, the other as depending on it. The 
temperature depends on the time in this sense, that 
if the time is given then the temperature is deter- 
mined ; at 2 o'clock the temperature was 60°, at 2.30 
it was 62° and so on (this does not imply a physical 
relation between temperature and time, but only a 
correspondence). And similarly with the other cases 
— the pressure in a cylinder is determined at each 
position of the piston, so that the pressure is de- 
pendent upon the volume. In these two cases re- 
spectively the time and volume will be spoken of as 
independent variables, the temperature and pressure 
as dependent variables. But this distinction is largely 
a matter of convenience ; we might quite well, and 
sometimes do, consider the volume as dependent upon 
the pressure in the second example, for is not the 
volume determinate for each given pressure ? 

Examples on Vabiables. — In most engineering 

1 We must distinguish between the two expressions " varies 
as " and " varies with ". The former implies the proportion- 
ality of the two quantities ; the latter does not imply any parti- 
cular manner of varying. 
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pocket-books will be found the formula for width of 
shaft keys ' 

where b is the breadth of the key in inches, and d is 
the diameter of the shaft in inches. 

For any given value of d we can find b by means of 
the formula ; b is therefore a dependent variable be- 
cause its value depends on the value of d that we are 
using. We shall have a number of examples of 
similar formulae as we proceed in the book. 

EXERCISES 1a. 

The following exercises are intended to give the 
student practice in the use of formulae, and the trans- 
formation offormulcR from one form into another. 

1. The horse-power transmitted by a belt is given 

by the formula H.P. = ""'^^ '"'iLgr!^^^' ^^^lere n is 

the number of revolutions per minute, d the diameter 
of the pulley in feet, and Tj and T2 the tensions in 
lb. on the tight and slack sides respectively. If 
Tj = 2 Tg find the tensions when n = 100, i = 4, 
and H.P. = 3-^. 

2. The resistance of electric circuits in parallel is 

given by the formula _=- + -+ ... where 
B r, r^ 

E = resistance of whole circuit and r^, r^, etc., are 
the resistances of the separate branches. Find R when 
ri = 10 and r^ = 20 ohms in the case of two 
branches. 

3. Using the formula of the previous question, if 
rj = 15 ohms, what must r^ be to make R = 10 
ohms? 

4. Given that 1 in. = 2-54 cm. and 1 kilo. = 
2-205 lb., find how many kilos, per sq. cm. corre- 
spond to 1 lb per sq. in. 
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5. A horse-power is measured by 33,000 foot-lb. 
per minute. If a grm. -centimetre is 981 ergs and 
10,000,000 ergs per second make a watt, find how 
many watts correspond to 1 horse-power. Use the 
data of question 4. 

6. If 42,000,000 ergs are equivalent to the heat 
required to raise the temperature of 1 grm. of water 
1° centigrade, how many foot-lb. will be required to 
raise 1 lb. of water through 1° Fahr. (a range of 100° 
C. is equivalent to one of 180° P.) ? Use the data 
of questions 4 and 5. 

7. The equation to a parabola is of the form 
y = ax^ + bx + c. When x = o, y = o, when 

as = -^, y = r, and when x = It, y = o ; express y 

in terms of x, L and r. 



2 ^3 



8. Ife^ = 1 + a; -t- _ -f- -^ + 



2 2x32x3x4 
calculate its value to three decimal places when 
X = -2. 

9. In the formula y = ax", y = 2-34 when x = 2, 
amd y = 20'62 when x = 5. Find a and n. 

10. The absolute temperatures of a gas before and 
after adiabatic expansion are given by the formula 

T, [yJ ■ 

If Yi = i and y = 1-408, find Tj if Tj = 531° F. 
V2 o 
(abs.). 

11. The mean pressure in a steam engine cylinder 
under isothermal expansion is given by the formula 

p^ == i-2 (1 -f- 2 3 log^Q r), where p-^ is the initial 

pressure and r is the ratio of expansion. Find p^ if 
p^ = 120 lb. per sq. in., and r = 6. 

12. The flow of water in cubic feet per second 

over a triangular notch, the angle of which is a right 

8 ,— 6 

angle is given by the formula Q = re C^ J2g H^, 
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where C^ is the " coefficient of discharge " and H is the 
head in feet; Find the flow if C^ = '60 and the 
head is 15-J in. 

13. If e = 2-718, find ei 

14. If J/ =! 3 ain aj + 4 cos x, find y ior x = 120°. 

15. The ratio of the tensions Tj and Tj on the 
tight and slack sides of the belt running over a 

T 
pulley is given by the formula: 2*3 logio m^ = /^^' 

■'•2 
where /* is the coefficient of friction and is the angle 
of lap in radians of the belt upon the pulley. If 
Tj = 480, ix = -4, and 6 = 120°, find T^. 

16. The efficiency of a series of n pulleys is equal 
to rf where rj is the efficiency of each pulley. If rj 
is '94, find the least number of pulleys that must be 
employed if the efficiency of the series is less than 
50 per cent. 

17. The horse-power absorbed in friction in a 

27rNT 

frusto- conical pivot is „„„„„ where 

12 X 3 sin a {W - Ei^)" 

Find the horse-power if N = 140, R = 2, Ei = -76, 
/* = -08, a = 30° and W = 2500. 

18. 50 cells the voltage of each of which is 1-8 
volts are connected in series and the circuit is com- 
pleted by a wire of 15 ohms resistance. If each cell 
has an internal resistance of -3 ohms, calculate the 
current in the circuit by the formula 

where E = total voltage and E = total resistance. 

19. Using the result of question 5, find the horse- 
power absorbed by an arc lamp using 9 amperes and 
having a voltage drop of 60 volts by the formula 

Watts = amperes x voltage drop. 
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20. Hutton's formula for wind pressure on inclined 
surfaces is 

Pfl = P, sin6li'8*'=''«» -\ 
where P^ = pressure on a vertical surface, and 6 is 
the angle of inclination of the surface to the hori- 
zontal. Find Pe if P, = 50, and 6 = 30°. 

§ 3. The Expression of Physical Relations by 
means of Graphs. — The representation of the de- 
pendence of two variable quantities by means of a 
curve will already be familiar to the student, for even 



Sun July zeV" 



MonJulif Z9*b 



%5'- 



60!^ 



I 
II 

II 

-< _l 

II II 1 1 11 II (I 

II (III" II II 



SS'- 

Fig. 1. — The above chart is constructed to show the ther- 
mometric records for two days, the dot indicating the position 
of the thermometer every two hours. From "The Daily 
Telegraph," 30 July, 1912. 

if he has not done class work in "graphs," he will 
have seen examples daily — the weather charts in the 
papers, the diagrams showing growth of population, 
of exports and imports, and so forth. Let us take a 
weather chart as a first example. 

In this chart observations have been taken at 
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intervals of two hours. We cannot get an exact 
temperature curve from this, as we do not know the 
temperature between each pair of observations. 
However if we draw a smooth curve through the 
dotSji we shall obtain a curve which differs very 
slightly from the true one. In making this statement 
we rely on the fact that the temperature does not 
vary in a sudden and irregular manner in intervals 
so short as two hours ; from 6 a.m. to 10 a.m. on 
Sunday the temperature was rising; it was 63° at 
8 a.m. and 65° at 10 a.m. ; at 9 a.m. no doubt it was 
not very far from 64°. 

This process is called interpolating : a good deal 
of judgment must be exercised in doing it. The 

' The art of drawing a good smooth curve through a number 
of points is very valuable to an engineer and one rather difficult 
to acquire. It will assist to remember that the piece of the 
curve which lies between two consecutive points is affected by 
other points on either side. This is seen in the diagram. Be- 




Fio. 2. 
fore drawing in a piece of the curve freehand, the pen or pencil 
should be run two or three times just over the points in order 
to accustom the hand to the shape. A "French curve" may 
also be used. 
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nature of the data given, and the nature of the graph 
required must be taken into account. For instance 
in some cases the data are known to be not very 
exact while the graph is known to be smooth (as in 
a " stress-strain " curve for a metal bar, for instance) ; 
the graph need not then be drawn through the actual 
points, but should strike a smooth medium path 
amongst them. In other cases, although the data 
are exact, we do not require the exact graph with all 




12 24 

Time (.Independent) 

Fig. 3. 



•M/ir. 



its irregularities but something to show us the general 
tendency of the dependent variable. Such modifica- 
tion of the data is dangerous, however ; in the present 
instance we have relied implicitly on the " Daily 
Telegraph" and have drawn the curve strictly 
through the dots. 

Slopes and Rates. — Notice that when the curve 
slopes upwards the temperature is increasing, and the 
steeper the slope, the more rapid is the rate of rise. 
When the curve slopes downwards the temperature 
is diminishing. 

Criticai, Values. — When the curve is horizontal 
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the temperature is neither rising nor falling, i.e. it is 
stationary. Such points occur at ABCDBFG (Fig. 3) ; 
the temperature here is said to take critical values. 

At B, D, G the temperature has maximum values : 
they are preceded by a rise and followed by a fall. 

At A, C, P the temperature has minimum values : 
these are preceded by a fall and followed by a rise. 

At E is a poitit of inflexion : it is preceded and 
followed by a fall. A point of inflexion clearly may 
also be preceded and followed by a rise. At a point 
of inflexion the curve changes from concave to convex 
or vice versa. 

These ideas are of the utmost importance, being 
at the basis of the calculus : we shall use a more 
convenient curve for their numerical discussion. 

§4. — Slopes. 1 Measueement of Slopes and 
Bates ; Example op Steam-Engine ' Mechanism. — 
In the following curve, the abscissce (i.e. distances 
measured along the horizontal axis OX) represent 
the time, while the ordinates (i.e. distances measured 
vertically from OX) represent the displacements of 
a point (the cross-head in the steam-engine mechan- 
ism, see p. 93). The rate of increase of the ordin- 
ate measures the movement of the cross-head in a 
unit of time and so is the speed of the point. 

Take any point M on the axis OX, and let MP be 
the corresponding ordinate. Let us represent the 
length OM by the letter t, and the length MP by y. 

' Slopes or Bates are called also Differential Coefficients 
and Derivatives. These words all mean what amounts to the 
same thing but In different connexions. We shall later on use 
the term Differential Ooefficent as it is the one in most general 
use. 
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Then t is the time which elapses from the starting- 
point, and y is the displacement. Take now another 
ordinate NQ : MN is the increase or increment in the 
time, and if we ,draw PK horizontally, KQ is the in- 
crement in the displacement. We shall use the 
symbol S to denote " a change in " and then we may 
write 

MN = 8« ; KQ = Sy.^ 
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Fio. 4. — -Displaeement curve for steam engine mechanism : 
connecting rod" 3J x crank. Ordinate = displacement o£ cross 
head : I unit = crank length. Abscissa = time or angle through 
which orank has turned : 1 unit = 60°. 

Now as the average rate of increase of a quantity 
is equal to the total increase divided by the time, we 
have : — 

average rate of increase oiy = -^ 

=i average speed of cross-head. 

If the chord PQ meets the axis OX in C, and if 
we write MOP = ^ = angle the chord PQ makes with 
the axis of x, then we have KPQ = mCP = <^, since, 
PK is parallel to CM. 

Hence average rate of increase of y 

1 Note very carefully that S is not a symbol denoting quan- 
tity : it is more of the nature of the signs H- , x , etc. Sy is itself 
one single quantity, the increment in y. 
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St PK ^ 

A glance at the figure shows that the average rate 
of increase is less than the actual rate atihe point P 
(where the curve is steeper). Suppose now that the 
ordinate NQ moves up towards MP. It is evident 
that the average rate approximates to the actual rate 
at P. And if Q were sufficiently near to P, the 
average rate and the true rate at P could be con- 
sidered as identical. At the same time the chord 
CPQ would become indistinguishable from the tan- 
gent at P to the curve. Calling the inclination 
MTP of the tangent at P to the axis of x, we must 
therefore have 

True rate of increase at P = tan 6 = -^ (when U 

and with it hy become very small). 

This we define as the slope of the curve at P and 
we use for it the notation 

dy 
di' 

This slope is in essence a ratio but it is best for 

most purposes to regard -^ as being in one piece, the 
at 

parts dy and dt not having any separate meaning, 

while -^ on the other hand is a fraction pure and 

simple. ' 

We are thus able to find a rate from a graph — in 
this case, a speed from a displacement curve. We 



iSee 



summary of early work for the meaning of tan ip. 
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have only to draw the tangent to the curve at the 
point in question and find its slope. ' 

Negative Bates. — The right hand half of the 
curve descends, or slopes downwards. If we take 
an ordinate MT' and a consecutive ordinate N'Q' 
in the same way as before, the second ordinate is 
shorter than the first. The increment or change in 
the ordinate is a negative quantity, and is equal to 
minus K'P', i.e. 

Sy = - KT'- 

The rate or slope is obtained as before, 

and it is still tan 6' or -p, but it has a negative 

value ; the angle 6' is the angle which the tangent at 
P' makes with the axis of x and is, according to the 
usual convention, considered negative. 

Zbbo Bates. — At the summit of the curve and 
also at and x, the slope, or rate of increase is 
zero, 



1 It is not easy to draw a tangent to a, curve at a point accu- 
rately. A good plan is to 
mark oS two near points K, L 
(Fig. 5), on the curve equi- 
distant from P. Then KL 
gives- a better direction than 
an attempted tangent. ' The 
slope may be found conven- 
iently by finding the rise be- 
tween two points on the line 
on ordinates (say) 10 units 
apart. The slope need not 
always be measured numeri- 
cally, but the length repre- 
senting the slope can be picked oft with dividers. 
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i.e. ^ = 0. 
ax 

This clearly holds at all critical points. 

§ 5. Derived Curves. — We can find the rate at 
any point of the curve in the above section : the rate 
then is a variable quantity which takes up one value 
at each value of the abscissa, and therefore it can be 
graphed in a similar diagram. Such a curve is 
called a derived curve (Fig. 6). In this case it is a 
curve of speeds — a velocity curve. 




Fia. 6. 

It will be observed in Fig. 6 that the slope is 
initially zero, that it is most rapid in the neighbourhood 
of B, then diminishes down to zero at A. It then be- 
comes negative, the greatest negative value occurring 
at B and finally the slope vanishes again at 6. 
Note that the derived curve crosses the axis at the 
critical points of the original curve. 

The derived curve is obtained graphically by find- 
ing the slope at a series of points on the original 
curve, and so obtaining a series of points on the new 
curve. It is one of the most unsatisfactory processes 
in graphics, but (when the law is not '"given by a 
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formula so that the methods of Chapter III do not 
apply) there is no other method of attaining the 
result. 

Second Dbeivbd Curves.— Starting with the de- 




A 

Fio. 7. 
rived curve we can find its slope at each point, and 
so obtain its derived curve. The second derived 
curve will express the rate of change of the rate of 
change ; in the case in point it will express the rate 
Y 



Fio. 8. 
of change of the speed and will therefore be the ac- 
celeration curve (Fig. 7). 

Note. — Curves are sometimes met with which 
make a sudden'^ump, as in the figure. Such curves 
2 
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are called discontitmous : they have of course no 
Y " slope " at the points 

of discontinuity. 

More frequently we 
find curves with sharp 
angles. In these the 
slope makes a sudden 
change at the angles, 
and is discontinuous, 
but the curve itself is 
continuous. 
Fio- 9- If a curve is dis- 

continuous or if its derived curve is discontinuous we 
cannot express the quantities which it represents by 
a general formula. 

Examples op Discontinuity. 

Shear and Bending Moment Curves. — A very 
familiar example of a discontinuous curve in 
engineering work occurs in the case of shear dia- 
grams for beams with isolated load systems. Pig. 10 
shows such a case. 

Now it can be shown that the shear diagram for a 
beam is the derived or slope curve for the bending 
moment diagram and that the load diagram is the 
derived curve for the shear curve. It is clear from 
the figure that the bending moment diagram has sharp 
angles so that we see that when a curve is discon- 
tinuous, it is derived from a curve with sharp angles. 
Further, the derived curve for a curve with sharp 
angles will consist of a number of isolated pieces ; 
this is clear from the load curve which consists of a 
number of isolated forces or vertical lines. 
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Indicator Diagrams. — In theoretical indicator dia- 
grams for showing the variation of pressure at dif- 




PlG. 10. 



ferent points in the stroke of a steam engine (Fig. 11), 
we have another familiar example of a curve with 
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Fig. 11. 



sharp angles ; these points occur at ABODE which 
represent the "cut off," "release," "exhaust," 
" compression " and " full admission " respectively. 
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§ 6. Sum Curves. — The following curve is a 
crank-effort or force diagram. We use it to illustrate 
curves of areas, sum or integral curves. 




CO l'5M M ZO 

Fig. 12. — Crank-effort Diagram. 
Table of Areas. 
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In this diagram the abscissae represent the dis- 
tance through which the crank pin moves up to a 
half revolution; the ordinate represents the crank- 
effort, a force acting upon the crank. Take any 
ordinate MP, and an ordinate NQ very near to it. 
When the crank pin moves through the distance 
MN, the piston will do work equal to 
average effort x MN. 
Now MP and NQ are very nearly equal, so that the 
work done is approximately 

NQ X MN = rectangle NK. 
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The rectangle is practically a slice of the curve, if 
we neglect the triangle at the top of the rectangle. 
So that the work done is equal to the area of the 
curve between the two corresponding ordinates. 

This applies to the motion through a very short 
distance MN ; if we want the work done by the 
piston while the crank pin moves from A to M, we 
shall only have to add together all the similar slices 
of the curve for a number of short motions making 
up AM. Thus the work done by the piston while 
the crank pin moves from A to M is equal to the 
area under the curve from A to M. This is an exact 
result, for we can make the short motions like MN 
as small as we please, and hence the row of triangles 
like QPK will form a vanishing area lying along the 
curve : in fact these triangles occur only in the proof 
and not in the result. 

We can now draw a second curve the sum ^ curve 
(Fig. 13), in which the abscissae are the same as 
before, and the ordinate is the area of the original or 
primitive curve up to the corresponding point. 

The student will notice that the sum curve must 
start at zero at A and rise continuously ; also that it 
will move rapidly when the ordinate of the orginal 
curve is longer, so that area is being added on faster, 
in fact its rate of rise or its slope is proportional to 
the ordinate of the original curve. This fact is very 
important and we shall return to it. 

We have described this process for a special curve 
— crank-effort or force diagram — but it may evidently 
be applied to any curve, whatever its significance, 

' The reason for calling this a sum curve is apparent already, 
and will be explained later . 
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As a second example we will take a velocity curve. 
In the following diagram the abscissa represents the 
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Fig. 13. — Work Curve Diagram showing Work Done. 

time, and the ordinate is the velocity of a point at 
that time. 



■ 














-^ 


















~" 








~^ 




























V 
















































y 




























































/ 






















s 




































/ 
























1 




\ 


1 




? 










3 










4- 








s 










n 
















B 


s 
































































s 
































































\ 




















/ 












































*s 
















/ 


















































S, 


































































( 

































Fig. 14. — Velocity Cilrve. [This curve is the cosine curve, 
and represents the velocity in a harmonic motion.] 

Now the distance covered by a moving point is the 
average velocity multiplied by the time : for a very 
short period of time the variation of the velocity may 
be neglected and, the short distance described is this 
velocity multiplied by the short interval of time. 
The student will see that if we measure from the 
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starting-point, the displacement of the moving -point 
is given by the sum curve, which is therefore the 
displacement curve. 

It will be observed that so long as the velocity curve 
is positive, the displacement curve rises. At B the 
ordinate of the velocity curve becomes negative, and 
with it the added area. (Areas below the axis are 
negative.) The"moving point comes to rest at B and 
begins to move backwards. So the sum curve 
ceases to rise and begins to fall ; it continues to fall 
so long as the velocity is negative. It will be re- 
marked that after C, the total area of the velocity 
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Fig. 15. — Displacement Curve, 
curve is negative, since the negative area below the 
axis exceeds the positive area above it, and conse- 
quently the sum curve is negative. 

§7.^Connection between sum curves and de- 
rived curves. We shall now prove, what the 
student has already suspected, that if one curve is 
the derived curve of another, then the second is the 
sum curve of the first. We shall use a pair of curves 
that we have already discussed, namely Figs. 4 and 
6 which we reproduce (Figs. 16 and 17). 

The ordinate LE in Fig. 17 is approximately equal 

55 = ^y, in Fig. 16 (in the system of units 
PK 8a; 



to 
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adopted). Calling LE = z, we have then 
z = ^ (approximately). 
And we have to prove that the increment in 




Fig. 16. 

the ordinate in Fig. 16 is equal to an increment of 
area in Pig. 17. That is to say we must show that 

hj = zBx (approximately), 
and this is clearly true. 

This result is, of course, not rigidly proved, since 
each of the equations is only an approximation ; how- 





FiG. 17. 
eyer we haye seen alrea(|y that the shorte;r the interval 
considered is, tl;ie closer do these approximation? 
become, and, by taking the iiiiteryals short enougb, 
we can make tlje approximations as close as we 
plea?e. Morepver we have also seen that all prac- 
tical work is approximate in nature and not exact 
(§ 1? P- I)- Hence tlje njatljematical result covers 



§§ 7-8] AREAS 25 

all that we do, or ever could, require. The mathe- 
matical result is exact, but to prove this rigidly, it 
would be necessary to introduce mental processes ' 
with which the engineering student is not, as a rule, 
familiar.^ 

§ 8. — Measurement of Areas. — Fiest Method 
— Counting Squaebs. — To obtain the sum curve, 
the simplest method is to draw the original curve on 
squared paper, and to count the squares. Fig. 13 
has been obtained from Fig. 12 in this way. 

The determination of areas is very important, and 
we proceed to give several other methods : these 
methods are more accurate than the one already 
given, but (excepting the second) they are not so well 
adapted for finding a growing area at each stage. We 
shall meet with the method of calculating areas in 
Chapter V when we are doing symbolic integration. 

Second Method. — The sum curve can be obtained 
graphically as follows. Let ACD, Fig. 18, be any 
primitive curve on a straight base AB. Divide AB 
into any number of parts, not necessarily equal (but 
for convenience of working they are generally taken 
as equal). These so-called base elements should be 
taken so small that the portion of the curve above 
them may be taken as a straight line. About 1 cm. 
or 'i in. will usually be a suitable size and in most 
C^ses a smaller element 11 will come at the end. 
Find the mid-points, 1, 2, 3, etp., pf each of the base 
ejenjeijts and let the verticals through these mld^ 

' Bspeoially the method of Limits : this we shall, as a matter 
of fact, employ later on, but not in a rigorous form. 

^ Obtaining a sum curve is called integrating, the inverse 
process of obtaining a derived curve is di^erentiiiting : see 
Jater (p. 79), 
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points meet the curve in la, 2a, 3a, etc. Now project 
the last points on a vertical line AB, thus obtaining 
the points lb, 2b, 36, etc., and join such points to a 
pole P on AB produced and at some convenient 
distance p from A. Across space 1 then draw Ad 
parallel to P 16 ; de across space 2 parallel to P 26, 
and so on, until the point n is reached. Then the 
curve A die ... w is the sum curve of the given 




Fig. 18. — Sum-curve Construction. 

curve, and to some scale Bw represents the area of 
the whole curve. 

Pkoop. — Consider one of the elements, say 4, and 
draw/o horizontally. 

Now Afgois similar to the A P 46 A 
go _ ib A 
•■• /o " PF . 
but PA = p and 46, A = 4, 4a 
_ fo X 4, 4a _ area of element 4 of curve 
P P 



■■■go 



8] 
Similarly /g' 



AEEAS 
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and so on 



.•. Ordinate through g = go + fq + ... 

_ area of first four elements of curve 
_ 

. •. The curve A de ... his the sum curve required. 

Then if B n be measured on the vertical scale and 
p be measured on the horizontal scale, the area of 
the whole curve will be equal to ^ x Bw. 




Fig. 19. 

It is obviously advisable to make p some convenient 
round number of units. 

The sum curve obtained by this method may have 
the same operation performed on it, and thus the 
second sum curve of the primitive curve is obtained, 
and so on. 

If the operation be performed on a rectangle, the 
sum curve will obviously come a sloping straight 
line, and if the sum curve of a sloping straight line be 
drawn, it will be found to be a parabola (§ 12). In 
the case in which it is required to apply this construe- 
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tion to a curve which is not on a straight base, the 
curve is first brought to a straight base as follows : — 

Suppose AcBd, Fig. 19, is a closed curve. Draw 
verticals through AB to meet a horizontal base ' 
AB. Divide the curve into a number of segments 
by vertical lines at short distances apart, and set up 
from the base AB lengths a^b^, etc., equal to the 
vertical portions ab, etc., on the curve. Joining 
up the points thus obtained we get the corresponding 
curve A'flSjCjB', on a straight base. 

Thied Method. Planimetbb. — This instrument 
is to be found in most drawing ofi&ces, and gener- 
ally provides the quickest and most accurate method 
of measuring areas. The pattern in most general 
use is Amsler's. 

A square rod A, Fig. 20, carries at its end a pointer 
B and has adjustably fixed to it a slide B to which 
is pivoted a second rod C. This rod carries at its 
end a weighted pin D which is pressed into the 
paper and thus fixed relatively thereto. The pointer 
E is first placed at some point X on the boundary of 
the area and the reading upon the graduated wheel 
F which runs over the paper is taken by aid of a 
vernier. The pointer is then moved carefully round 
the curve until the point X is again reached. The 
reading of the wheel is then taken again and the 
difference between the two readings gives the area 
of the curve. The measuring wheel F is geared up 
to a second wheel G. The scale to which the areas 
are read is adjusted by moving the slide B along the 
rod A. Students should endeavour to obtain prac- 
tice in the use of this instrument. 

The proof of the working of the instrument in- 
volves some rather advanced work wbiph is beyond 
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our present scope and it is rather better to accept its 
accuracy without proof than to attempt a proof that 
is not really sound. 

PouETH Method. Mid-Oedinate Eulb. — The 
area of a curve is the average height (mean ordinate) 
X the base. 




Fig. 21. 

Subdivide the curve into vertical strips of equal 
breadth, and draw the mid-ordinate of each strip 
(the dotted lines). The average height of the curve 
is approximately the average of these dotted lines. 
The greater the number of strips the closer will the 
approximation be. If the length of the base is a, 
and there are n strips with mid-ordinates = y^, y^, 
. . . , y„, then we shall have 

Area = a x ^^ + ^^ + " ' ' + ^" 



^ - (2/i + 2/2 + 



+ Vn)- 



The curve in the figure is a quarter of an ellipse. 
We have chosen intentionally a curve which becomes 
steep, and which therefore is not well adapted to 
Simpson's and some of the other rules — (see the 
tests applied to this curve below). 
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Fifth Method. Simpson's Eule. — The area 

must be subdivided into an even number of strips 

(in this case 6). I£ the seven ordinates which bound 

these six strips are called y^, y^, y^, y^, y^, y^, y,, and 

the breadth of each strip is 8, then 
s 

Area = ^ [y, + y^ + i{y^ + y^+ y^) + 2 (i/3 + 2/5)] 
g 

= - [sum of extreme ordinates, plus four times 
o 

sum of even ordinates, plus twice sum of odd ordinates]. 

This is Simpson's First Eule : we do not think it 
worth while increasing the number of methods un- 
duly by giving Simpson's Second Eule. 

Sixth Method. Wbddle's Eule. — This is the 

most accurate of this type of methods. The only 

objection to it is that the area must be subdivided into 

six equal parts, or a multiple of six and not any other 

number. Using the same notation as before the rule is 

38 
Area = jq [z/j + 2/ 3 + 2/5 + 2/7 -f 5 (2/2 + 2/5) H- &y,]. 

The following are the determinations of the area 
of the above curve by the several methods : — 







Error. 


Percentage 
Error. 


Exact value 
1. Counting squares 
2. 

3. Planimeter 

(three readings) 

Mean 
4 Mid ordinates . 

5. Simpson's Eule 

6. Weddle's Eule . 


14-137 . . . 

14-09 

14-2 
1-14-13 
\ 14-11 
( 14-16 

14-13 

14-26 

14-00 

14-03 


nil. 

- 0-05 
+ 0-1 

001 

- 0-03 
+ 0-02 

0-01 
+ 0-12 

- 0-14 

- 0-11 


- 0-3 
+ 0-7 

0-1 

- 0-2 
+ 0-2 

0-1 

+ 0-9 

1-0 

- 0-8 
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Note that on account of the " steepness " results 
for rules 4, 5, 6 are not very good : usually Weddle's 
ruleshows a more marked superiority over the others 
than it does here. 

Remarks on the last three rules. — Greater accuracy 
is always obtained by increasing the number of strips 
into which the curve is subdivided. These rules 
give the best results for curves which are smooth 
and which do not become steep. 



y^ 



y^ 



y^ 



ys 



ye 



yj 



ys 



Fio. 22. 

They apply equally well to closed curves (Fig. 22) 
which must be divided into strips of equal breadth, 
as before. In the figure there are eight strips, and 
the end ordinates y-^ and j/g both vanish. But at the 
ends the curve is steep, so it is better to separate the 
end strips and cut them up in the perpendicular 
direction. 

The rules (especially Weddle's) will even apply to 
irregular areas in which the ordinates meet the 
bounding curve more than twice. In Fig. 23 the 
fourth ordinate LMNP meets the curve four times. 
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The corresponding length y^ is the sum of LM and 
NP. Great accuracy must not bal»expected as the 




Fig. 23. 



curve becomes steep several times, but the value ob- 
tained will be good enough for most purposes. 



EXERCISES iB. 

1. X and t are the distances in miles and the time 
in hours of a train from a railway terminus. The 
slope of this curve at any point is a measure of the 
speed. What is the greatest speed and at what point 
does it occur ? 



X 





1-5 


6-0 


14-0 


19-0 


21-0 


21-5 


21-8 


23 


24-7 


26-8 


t 





0-1 


0-2 


0-3 


0-4 


0-5 


0-6 


0-7 


0-8 


0-9 


1-0 



2. The following values of p and 6 are given. 
Find the slope ^ when 6 = 115. 
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^ « 


P 


100 


14-70 


105 


17-53 


110 


20-80 


115 


24-54 


120 


28-83 


125 


33-71 


130 


39-25 



3. The following formula gives the increase c in 
volume of one pound of water in changing from 
water to steam at an absolute temperature t centi- 
grade and pressure p lb. per sq. ft., L being the 
latent heat and J the mechanical equivalent of heat. 



dt_ 
dp 



JL dt_ 
t ' dp 



is thus the slope of the curve of t plotted against 

p. Find c at < = 428 given L = 497-2 and J = 
1393, the relation between t and p being as fol- 
lows : — 



t 


P 


413 


7563 


418 


8698 


423 


9966 


428 


11380 


433 


12940 


438 


14680 


443 


16580 



4. The following numbers give the speed v of a train 
in miles per hour and the time t in minutes from 
starting. Draw the sum curve which gives the dis- 
tances passed through and find the total distance. 
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V 





2-4 


4-7 


7-2 


9-6 


12-0 


14-3 


16-9 


18-9 


20-7 


22-2 


23-4 


24-3 


24-9 


t 


0-00 


0-04 


0-08 


0-12 


0-16 


0-20 


0-24 


0-28 


0-32 


0-86 


0-40 


0-44 


0-48 


0-52 



5. The area A square feet of the horizontal section 
of a reservoir at a height h from the lowest point 
is as follows : — 



h 





2-5 


4 


7 


10 


12-5 


15 
5810 


17-5 
6210 


20 
6890 


23 

7810 


25 

8270 


28 
8679 


30 

8780 


A 





2510 


3400 


4520 


5160 


5490 



Plot A against h and draw the sum curve, the 
ordinates of which will be a measure of the volume 
of water contained up to each height. What is the 
total volume and the change in volume if the height 
drops from 15"5 to 14-5 ? 

6. The following figures give the wind pressure p 
in lb. per sq. ft. on a vertical plane surface at heights 
h in feet above the ground. 



h 


5 


15 


25 


35 


50 


P 


13 


22 


24 


27 


81 



What is the total wind force on a wall 100 ft. 
long, and 40 ft. high? 

7. An area is divided into ten equal parts by 11 
equidistant parallel lines -2 in. apart, the first and 
last touching the bounding curve. The lengths in 
inches of these ordinates are : 0, 1"24, 2-37, 4-10, 
5-28, 4-76, 4-60, 4-36, 2-45, 1;62, 0. Find by Simp- 
son's rule the area in square inches. 

8. A circle is drawn of 8 in. diameter. The dia- 
meter is divided into 8 equal parts and ordinates are 
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drawn at right angles to the diameter. Find the 
area by Simpson's rule, checking the ordinates by 
calculation for preference. What is the percentage 
error? 

9. X being the distance in feet across a river 
80 ft. wide, measuring from one side and y the depth 
of water in feet, the following measurements are 
made : — 



X 

y 






10 


25 

7 


33 

8 


40 
10 


48 
9 


60 
6 


70 
4 


4 



Find the area of the cross section. If the average 
speed of the water normal to the section is 3-2 ft. 
per sec. find the flow in cub. ft. per sec. 

10. In a determination of the area of a field, x is 
distance measured along a straight line AB from 
the point A ; the values of y are offsets or distances, 
both in chains measured at right angles to AB to the 
border of the field. Find the average breadth of 
the field from the line AB to the border. 



X 





1-50 


3-00 


5-00 


7-50 


9-00 


y 


0-53 


0-47 


0-40 


0-42 


0-46 


0-52 



ANSWBES TO BXEECISBS. 

lA. 

1, 183-2 and 91-6 lb. 2. 667 ohms. 3. 30 
ohms. 4. -07 kilo, per sq. cm. 5. 746 watts. 

6. 778 foot-lb. 7. 2/ = ^ (L - x). 8. 1-221. 
Q. a = 0-4514, n = 2-374. 10, 255° F. absolute. 
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11. 55"8 lb. per sq. in. 12. 4-85 cub. ft. per second. 
13. 1-284. 14. -598. 15. 207-7 lb. 16. 12. 
17. 1-32. 18. 3 amperes. 19. -603 H.P. 
20. 33 lb. per sq. in. 

iB. 

1. 80 miles an bour at 6 miles. 2. -80. 3. 5-45. 
4. 7-56 miles. 5. 174800 cub. ft. ; 5810 cub. ft. 
6. 85200 lb. 7. 6-25 sq. in. 8. 49-33 sq. in. ; 1-89 
per cent. 9. 449 sq. ft. 1487 cub. ft. per second. 
10. -45 chains. 



CHAPTER II. 

LAWS EXPRESSED SYMBOLICALLY.! 

§ 9. Formulae. — -To know the law connecting two 
physical quantities, x and y, say, where y is sup- 
posed dependent, we must know the value of y cor- 
responding to every value of x. The law can always 
be expressed by a graph. But very often, especially 
when it is obtained theoretically, it can be put into a 
more definite form. For example, when two rough 
bodies are in contact, we know that the limiting 
friction between them is proportional to the pressure, 
a law which we express 

Or again, for a mass of perfect gas at constant 
temperature, we know that the volume is inversely 
proportional to the pressure (Boyle's or Mariotte's 
Law), and this we express 

h 
. p = -, or pv = k. 

V 

Whenever a law, experimental or theoretical, can be 
put into a definite shape in this way, it can always 
be condensed into a formula. In fact most laws are 
too complicated to be expressed in words at all, and 

1 This and the next chapter may be omitted by students who 
have already a knowledge of graphs and the laws which they 
represent. 

(38) 
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then a formula is our only resource besides a graph. 
Even when the law cannot be put exactly into this de- 
finite form, and as a matter of fact no experimental 
law can be exact, we can still find a formula which 
expresses a law approximating very closely to it. 
Such a law devised to fit a series of experimental data 
is called empirical. There is a great advantage in 
finding an empirical law, for not only does it give us 
in a very brief and convenient form what could other- 
wise only be expressed by a complicated table of 
values, or by a graph, but it often throws a great 
deal of light on the nature and relations of the quan- 
tities involved, and leads to new series of laws and 
results. 

The student will notice that two important pro- 
cesses are involved. The first is to draw a graph 
from a formula ; the second is, given a graph, to de- 
duce an empirical formula. 

We shall now give a list of the simplest formulae 
which occur, including nearly all those that an 
engineer is likely to encounter, and discuss them 
briefly. 

I. Algebeaical PoBMULa;. 

§ 10. Algebraical Laws. — These are the laws 
which involve only the processes of addition, sub- 
traction, multiplication, division, and extraction of 
roots. 

We remind the student that there are two square 
roots of any number x, which are written + Jx : 
either of them may be written x^, but either of the 
symbols x^, Jx written alone means the positive 
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square root. The symbol xi means the cube of the 
fourth root of x. 

y 





















3 


W N 










Z. 




f 








1 










\ 


^ 








-2 


"01 


o 

-1 




2 









-2 






/. 


y.xj 




-3 



















Fig. 24. — Graphs oiy = \, x, x^, x^, xi, xi. 
We shall now discuss a series of typical algebraic 



laws. 



Powers. Positive iNTBaEAr,. — In Pig. 24 are 
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shown the graphs of some positive integral powers. 
The first graph y = 1 can be regarded as the zero 
power of X, for x° = 1. The second y = x gives the 
first power, for which the ordinate is always equal 
to the abscissa. All the other graphs of positive 
integral powers touch the a;- axis at the origin. The 
higher the power, the slower the curve rises at first, 
and the quicker it rises afterwards. They all pass 
through the point x = 1, y = 1. When x is negative, 
all the even powers, y = x°, x^, a;*, . . . have positive 
values, and the odd powers y = x, x^, x^, . ... have 
negative values. The even power graphs are all 
symmetrical about the y-3,xis, that is to say, the left 
hand side is obtained by reflecting the right hand 
side in the 2/-axis. The negative power graphs are 
skew-symmetrical about the origin, the left hand side 
being obtained by two reflexions of the right hand 
side, the first in the y-&xia, and the second in the 
a;- axis. This is expressed algebraically, 

y ^ ( - a;)2 = + x^ for an even power 

and y = (- xy = - x^ for an odd power. 

Positive Feactional Powees. — It should first be 
noticed that for fractional powers in which the de- 
nominator is even, the curve has no left hand side : 
for example ii in y — Jx = xi, we put a negative 
number for x, there is no value of y for there is no 
square root of a negative number.' The graph of 
2/ = a;* is seen to stop short at the origin. When 
the denominator is odd there are values of y for 

' In higher work we get roots of negative numbers, by in- 
venting new numbers, called the imaginary numbers. The 
first of these is written i and signifies V - 1. An imaginary 
number cannot be shown in an ordinary graph. 
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negative values of x. This is seen in the graph of 
y = xi. 

The graphs of the powers less than unity are 
above the straight line y = x, between x = and 
X = 1, and beyond x — 1 they are below y = x. 
The graph oi y = x^ is intermediate between y = x 
and y = x^; the graph of 3/ = x^^ is intermediate 
between y = x^ and y = x^. 

The graph oi y = x^ may be written y^ = x, and 
hence it is the same curve as the graph oi y = x^, 
from which it is obtained by interchanging x and y. 

Negative Powers. — For any negative power say 

y = -, the ordinate becomes indefinitely great, when 

the abscissa becomes indefinitely small (positive or 
negative). The curve does not cut the 2/- axis at all 
but gets indefinitely near to it at a great distance 
from O. 

A straight line that a curve approaches indefinitely 
without ever meeting is called an asymptote. 

The curves y = -, -^, x~i, etc., approach the 
^-axis in opposite directions, while y = —i, x-^, 

CO 

etc., approach it in the same direction. 

The curve y = x'^ lies on one side of the 
asymptote, and approaches it in one direction only, 
as a; " ' does not exist for negative values of x. 

The a;-axis is also asymptotic to these curves. 

The curve y = - (or xy = 1) is especially im- 
portant : it is a rectangular hyperbola. An im- 
portant property of this curve is that the rectangle 



§10] 



POWEES 



43 



contained by the co-ordinates {xy) is constant in area. 
The origin is the centre. 
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Fig. 25. — Graphs of ?/ = a; J, s"', x ^. 

Curves of similar character are obtained by 
changing the ordinate in any ratio. If the ordinate 
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is multiplied by c, then all these ciirvea are included 
in the general formula 

y = ex" 
where o and n may have any values positive or 
negative. When c is negative, the curves are on 
the opposite side of the a;-axis. 

These curves are of importance in connexion with 
gas and vapour pressures. 

§ 11. Linear Laws.— These are the laws that 
contain no fractions involving the variable, and no 
powers higher than the first : the general form is 
y = mx + c 



_:::::s-::;^-f:^s-::;^ffi::::: 


-s^. s . 

:E:EE:'==-:E:H=:::::E:?s::::: 



Fig. 26. — Qraphs of 3/ = 0, a; = 0, j/ = l, a; = 1, 1/ = Jx ; y = 
-x-v\\ y=-x-\. 

where m and c have any values whatever positive or 
negative. 

All the graphs are straight lines and they represent 
quantities that are increasing or decreasing at a con- 
stant rate. The straight line represented by 

2/ = ia; 
passes through the origin and its slope is \. The 
graph of 
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y = ix + 2 
is the same straight line as before, but raised through 
a height of 2 units. In general m is the slope of the 
straight line, and c is the distance from the origin 

y 
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Fia. 27. — Graphs of ?/ ; 



- 2a;, a;' 
a;2 + 1. 



2a; + 1, a;2-2a; + 2, y = 



where it cuts the 2/-axis. If m is negative the 
straight line slopes downwards. If c is negative it 
cuts the ^-axis below the origin. The equations of 
the axes themselves are 

y = (the a;-axis) and x = (the jz-axis). 
It will be noticed that a straight line parallel to 
the 2/-axis has to be represented by an equation in 
which y does not appear, for instance, 

a; = 1 (in the figure). 

§ 12. — Quadratic Laws. — These are the laws con- 
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taining no power of x higher than the second, and 
no fractions in x ; their general form is 

y = ax"^ + bx + c 
where a, b, c are any constant numbers, positive or 
negative. The graphs are always parabolas with 
their axes vertical. The parabola is especially im- 
portant as it occurs frequently in the work of every 
engineer. 

Taking first the equation 

2/ = a;^ - 2a;, 
we note that the graph passes through the origin : 
this is always the case when no term occurs in the 
equation independent of both x and y (constant 
term). When x becomes very large, y becomes 
large at the same time, for after a time x"^ is incom- 
parably larger than 2x : hence the curve rises in- 
definitely to the right. It rises to the left also, for 
when X is negative x^ is still positive. It follows 
that the curve has a minimum, the point A. 

If we add a constant (unity) to the right hand side 
of the equation we obtain y = x^ - 2x + 1, which 
represents the same curve as before, but raised higher 
up. The graph of 

2/ = a;^ - 2a; + 2 
is again the same curve, two units higher. 

When the curve crosses the a;-axis, we have y = 0, 
so that on the a;- axis for the first curve 
a;2 - 2a; = 0. 

Hence the abscissae of the points where the curve cuts 
the X-axis are the roots of this equation viz. a; = 0, 2. 
Note that the effect of raising the curve bodily is 
first to bring the two distinct roots into coincidence, 
and then to make them disappear. 
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Ebveesed Paeabolas. — The effect of reversing all 
the signs on the right hand side is to reverse all the 
ordinates. A law in which the coefiBcient of x'- is 
negative, for example 

y = - a;^ + 1, 
where it is - 1, will be represented by a curve hav- 
ing its ends pointing downwards instead of upwards. 
It will consequently have a maximum instead of 
minimum. 

Slope op Paeabola. — An important property of 
these curves is that their slopes are always increas- 
ing (decreasing in the last case) at a constant rate. 
The slope- curves are therefore straight lines. The 
first three curves will all have the same slope curve 
{y = Ix - 2), for raising or lowering a graph does 
not affect the slope. In the case of shear and bend- 
ing moments for beams, for example, to which we 
have referred already (p. 19), the shear diagram is the 
slope curve of the B. M. diagram, and the B. M. 
diagram is the sum curve of the shear diagram. 
In the case of a uniformly distributed load, the 
shear diagram is a straight line ; therefore the B. M. 
diagram will be a parabola. 

A parabola has no point of inflexion. 

§ 13. Cubic Laws. — These have the general form 
y = ax^ + bx^ + ex + d. 

Taking the typical one 

y = x^ - x^ - X + -^i 

it will be noted that for very great values of x, either 
positive or negative, the term x^ will dominate the 
others. Now when x is negative, x^ is also negative, 
so that the curve will descend rapidly on the left- 
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hand side, and similarly it will rise rapidly on the 
right-hand side. 




Fig. 28. 
Graphs ot y = x" - x^ - x + J (lower curve) 
= x^ - x^ - X + H (centre curve) 
= a;' - a" - a; + 2J (upper curve) 
a;= X- 



y = 



6 2 



+ X + 1 



(slope curve) y = 3x^ - 2x - 1 

This curve crosses the axis three times so that the 
equation 
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has three roots. If the curve is raised, two of these 
will become coincident and then disappear; two 
roots (the first two) will also become coincident and 
disappear if the graph is lowered ; but there is always 
at least one root. 

The curve has a maximum D and a minimum E, 
these being the " critical points ". But this is not al- 
ways the case with cubic curves. The curve 

has neither a maximum nor a minimum ; it will be 
remarked that the curve bends over as if to form a 
maximum, but changing its intention, bends back 
again (P). A cubic cannot have a maximum without 
having a minimum also. 

Point of Inflexion. — A cubic always has one 
point of inflexion F. The tangent at this point is 
inclined downwards when there is a maximum and 
a minimum, and is horizontal or inchned upwards, 
when there is no maximum or minimum. 

Slopb-Cdevb. — The slope-curve of a cubic is a 
quadratic, i.e. a parabola : it cuts the a;-axis at the 
values of x corresponding to the maximum and mini- 
mum when these points exist. 

If the coefficient of x^ is negative, the curve as- 
cends on the left and descends on the right. 

QoABTic AND HiGHBK Laws. — These are of a 
similar nature to the cubic and quadratic. We will 
not discuss them in detail, but remark th^at an w - ic, 
that is to say a curve whose equation is of the form 

y = ax" + 6a;"-i + ex"-" + . . . 

cuts the axis at n points at most : it has at most 

4 
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M - 1 critical points, and at most n - 2 points of 
inflexion. 

§ 14. Some other Algebraic Laws. — The al- 
gebraic laws which occur are very varied and it 
would be impossible to classify them completely. 
We will content ourselves with giving a few mor^ by 
way of illustration. When it is required to draw 
the graph of a given law, it always has to be done 
ultimately by finding points on the curve. But in 
each case the general shape may be determined, and 
its drawing very much facilitated by noting its special 
features such as : — 

1. The points where it crosses the axes. 

2. Its critical points. 

3. Its points of inflexion. 

4. Its asymptotes. 

5. The parts which rise and those which fall. 

6. Its behaviour for very large positive and nega- 
tive values of x. 

7. Its symmetry about the a;-axis, or the y-a,xis. 
These features have all been mentioned already, 

and some will be discussed in more detail later 
on. 

We will remark here that a curve is symmetrical 
about the y-axis when only even powers of x occur 

in its equation, for instance, y = x% y = —^ -. 

The graph oi y = =- is the same curve as the 



1 



IS 



graph of 2/ = - already given in Fig. 25, but it 

moved from left to right parallel to the a;-axis 
through a distance of one unit. 
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The graph of ^ = 



has three asymptotes. 



X' - 1 

The first is the as-axis which the curve approaches 
iadefinitely on the upper side both to the left and to 
the right. The curve rises indefinitely as we ap- 
proach X = - 1 and 03 = + 1. These vertical lines 
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Fig. 29. — Graphs of j/ = ; 



1 



1 



The graph has one 
1 occurring when 



are therefore also asymptotes, 
critical point, a maximum y = 
a; = 0. 

§ 15. Implicit Laws. — Very often the dependent 
variable is given not directly in "terms of x (explicitly) 
as in all the cases considered up to now, but im- 
plicitly, that is to say, a general relation is given be- 
tween X and y. For example we may have 

f+y^=l...{l) 
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An implicit relation may often be converted into 
an explicit relation by regarding it as an equation for 
determining y, and solving. For instance the relation 

xy - 1 = 
when solved becomes 

_ 1 



If we 


take 




~ 










a;2 
4 


+ 


y' 


= 1, 


this may be written 












y' 


= 


1 


x^ 


so that 













I - ^ or y = - yjl - ^ . . . m 

The implicit relation in this case has to be replaced 
by two explicit relations. It is generally more con- 
venient and often necessary to deal with an implicit 
law as it stands and not to convert it into one or 
more explicit laws. 

The curve (1) is an ellipse (Fig. 30) ; both axes 
are axes of symmetry. The lengths of the semi-axes 
are 2 and 1 units respectively. By inspecting (2) it 
will be seen that the curve cannot exist when a; > 2. 
The two equations of (2) give the upper and lower 
halves of the curve respectively. 

The general equation of the ellipse whose semi- 
axes are a and b is 

o^ + P = ^■ 
The curve 

t/2 = a; (a; - 1) (a; - 2) 
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cannot exist when x is less than zero, or when x lies 
between 1 and 2, for such values of x would make 
y^ a negative quantity. The curve consists of an 




Fig. 30.— Graphs of -j +i/=l a,niy=x (x-1) {x-2). [Note 
that the latter has two branches.] 

oval and an infinite branch. (Although there is an 
infinite branch, there are no asymptotes.) 



II. Teigonombteio Formula. 

§ 16. — The Sine Law. Definite laws connecting 
two variables can be obtained by other means than 
by algebraical relations: they can for example be 
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defined geometrically. Trigonometric laws are of 
this kind. 

Expressing the angle AOP = re in circular measure, 
so that 

X = arc AP/OP 
and writing 

y = smx= NP/OP, 




Fig. 31. 

we have a law connecting the value of y with that 
of x} 

This is a new law, a perfectly definite one, which 
cannot be expressed algebraically. (See Figs. 15 and 
32.) 

A very similar law is 

y = aoax = ON/OP. 

The graph of this is in fact not distinct from the 
sine curve, for remembering that 

cos X = sin [x + — ), 
we see that ^ = cos x is simply the curve y = sin x, 

' We wish to emphasize the necessity for taking the correct 
scale for the sine curve. The abscissa are the angles in circu- 
lar measure, the ordinates are the actual values of the sine. 
The height of the sine curve is unity, and the length of the first 
arch is ir = 3-142. Although other scales are sometimes con- 
v3ileat ia pontics, this is the only one giving the true sine 
law, and the discussion following applies only to this curve. 
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&?' 




56 CALCULUS FOB BNGINBI^ES [CH. II. 

moved back horizontally through a distance of 5 

2i 

units. (See Figs. 14 and 32.) 

§ 17. — Harmonic Motion. — This is a good illus- 
tration of the sine law. 

Suppose a point P to move at a uniform rate (of a 
radian per second, say) round the circumference of a 
circle (Fig. 33). Let it start from the point A and 
let Q be its projection on a vertical KK. At first 
Q will move at the same rate as P, but its speed will 
diminish as it rises until it comes to rest at K and 
then descends. To obtain the displacement curve 
for this motion, we have only to measure out to the 
right on the horizontal line through A, the arcs 
through which P moves : since the speed of P is 
unity, the abscissae are the times. We then erect 
ordinates equal to the ordinates of P. The curve 
obtained is clearly the sine curve. We shall return 
to harmonic motion later (see p. 74). 

§ 18. — Properties of the Sine (or Cosine) Law. — 
The first property is its periodiciiy. The part of 
the sine curve which lies between = o and 6 = 2ir 
is repeated between = 2ir and 6 = iir and again 
repeated between 6 = iir and 6 = 6ir, and so on 
(Fig. 32). The sine curve is periodic, its period being 
2ir. This is expressed by the formula 
sin {6 + 27r)i= sin 0. 

Similarly, of course, 

cos {6 + 27r) = cos 6. 

The second propertyis its symmetry. An inspection 
of the graph will show that the left-hand side of the 
sine curve is obtained from the right by reflexion first 
in the y-axis, then in the 6-axis, So that the sine 
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curve is skew-symmetrical about the origin (cf. Fig. 
2i, § 10). The sine-curve is also skew- symmetri- 
cal at the points 6 = tt, 2ir, ... - ir, - 2-ir, . . .: 

it is symmetrical about the verticals — -,6= ^> 

n 2 



e = 



^, etc. 



The cosine curve similarly is symmetrical about the 
y-axis,and about the verticals = tt, 27r . . . while it 

q 

is skew- symmetrical at ^ = -, -^, . . . 

These facts are expressed by the formulae 
sin ( - ^) = - sin 6 ; cos [- 0) = cos 6, etc. 
which may at once be deduced geometrically from a 
figure similar to Fig. 31. 

§ 19. — Theorem in Limits, — A third very im- 
portant property which may be seen in the graph 
(Fig. 34) is that the sine curve cuts the axis at an 
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angle of 45° { ~ j)' '^^^^ means that near the 

origin the sine curve 

y = sin 
coalesces' with the straight line 

y = 0, 

so that when is small the ratio 

sin _ ordinate of sine curve .. 

ordinate of straight line y = 
approximates to unity. It is very important to re- 
member that is in circular measure. 

A proof of this important property will be found in 
textbooks on trigonometry. 

§ 20. — The Tangent.— We define the tangent of 
X as follows : 

, sin X 

tan X = . 

cos 33 

The graph is shown in Fig. 35. Whenever cos x 
becomes indefinitely small, sin x approaches unity, 
positive or negative, and tan x therefore becomes in- 
definitely great. Hence the .graph has vertical 

asymptotes at a; = -^, -^ > • • ■ 

When sin x approaches zero, cos x approaches 
unity. Hence the graph crosses the a;-axis at the 
same points as the sine curve does, and at the same 
angle, namely 45°. The ratios 

tan X _ 1 

sin X cos X 

1 tan X sin a; 1 

and = . 

X X cos X 

both approach unity when a; is small. 

Th& Cosecant is defined' by 
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cosec X = 



sin X 



the secant by 



sec X = 



and the cotangent by 



cot X = 



cos X 



tan X 




FiQ. 35. 
The nature of these curves -can be inferred easily 
from the graphs already discussed. They all have 
vertical asymptotes. The curve cosec x has maxima 
where sin x has minima and minima where sin x has 
maxima. 
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§ 21. Inverse Relations. — We can of course re- 
gard sin X as independent and x as depending upon 
it ; given any suitable value of sin x = y we can find 
the corresponding value of x. This relation is written 











X = 


sin-i y. 


For 


y = 





a: = 


= 0° 


= radians 




y = 


1 

s/2 


X 


= 45° 


= -i- radians 
4 




y = 


1 


X-- 


= 90° 


= a radians, 



and so forth. 

The notation cos'i y, tan-' y, etc., is used 
similarly. 

Note that although sin^a; means (sina;)^, yet 
sin- 'a; does not mean (sina3)~i = 1/sina;. This 
confusing notation is unfortunate, but is firmly 
established. On the Continent sin -'a; is written 
arcsinx. 

BXEEOISBS 2. 

1. Draw the graph of the function 

y = ^x" - 9a;2 - 12a; + 24. 
Find for what values of x this function has maximum 
and minimum values and where its point of inflexion 
occurs. 

2. Eankine's formula for the safe working stress in 
tons per sq. in. upon mild steel columns is of the 

form / = 



1 + 



6000 
where c is the "buckling factor ". 

Plot values of / against c and determine the 

point of inflexion. 

3. The bending moment at a distance x from one 
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end of a beam of span I loaded with a uniformly in- 

Wa; Wa;' 
creasing load W is equal to M = — q qra~- 

Plot the bending moment diagram for this beam, 
finding the maximum bending moment and the point 
at which it occurs. 

4. The horse-power transmitted by a certain wire 

• ■ K .K f , TTT> (62790 - 3v^) V 

rope IS given by the formula H.P. = -^^ o '409^0 — 

where v is the velocity in feet per second. 

Plot H.P. against v and find the velocity for which 
it is a maximum. 

5. Plot the formula y = x"^ - i-2 x + 2-93 and 
find from your plotting the solution to the equation 
a;2 _ 4-2 a; + 2-93 = 0. 

6. Find, by plotting, the value of x which will 
make 3 sin a; + 2 cos x a maximum. 

7. Plot the equation y = x (81 - x^) and find the 
maximum value of y and the. value of x at which it 
occurs. 

8. The area of the segment of a circle whose arc is I 
in length and subtends an angle 6 at the centre is 

equal to i l^ (-z ^2~) > ^ being in radians. 

Plot the area against and find where it is a 
maximum. 

9. Plot y = sin X {1 + cos x) and find where it is 
a maximum. 

10. The cost in pounds for running a steamer a 

. ^ 1300 , , . ,, , 

certam journey is C = + v^ where v is the speed 

in knots. 

Plot the cost against the speed and find where it is 
a minimum. 
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ANSWBES TO BXBEOISBS. 
2. 

1. 3!= -56 and 3'56. Point of inflexipn at a;=l'5. 
2. c = 44-7. 3.- Max. B.M. = •128WZ at distance 
•577Z from one end. 4. 83-5 feet per sec. 5.3-32, 
•88. 6. 56° 18'. 7. 280-6 ; x = 52. 8. 6 = ■n-. 

9. a; = g. 10. 8-7 knots. 



CHAPTBE III. 

LAWS EXPBESSED SYMBOLICALLY (CONTINUED). 

III. Exponential and LooiEiTHMic Laws. 

§ 22. The Compound Interest Law.— Suppose 
a sum of money (%„, say) were put out at 5 per cent, 
compound interest. At the end of each year would 
be added to the sum one-twentieth of its amount at 
the beginning of that year. The growth of the 
amount could be represented by a graph which 
would rise by a small jump or step at the end of 
each year (Fig. 36). 

In the diagram distances measured along the 
horizontal axis represent times in years ; the ordinate 
represents the amount and remains constant during 
each year, but increases suddenly at the end. The 
stej) increases in height from year to year, each step 
being proportional to the corresponding ordinate (the 
figure is illustrative only ; the actual graph is much 
flatter). 

If now the interest were added continuously in- 
stead of in instalments at the ends of years, at a rate 
always proportional to the ordinate, and such that 
the total interest per annum were the same as be- 
fore, we should have a smooth curve drawn through 
the upper corners of the steps. This curve repre- 
sents the compound interest law, and its characteristic 
(63) 
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property is that its rate of increase or slope is pro- 
portional to its ordinate. This property may be ex- 
pressed by the formula 

l = % ■ ■ (') 

and all quantities such that their rates of increase 
are proportional to themselves follow such a law. 
We can easily find the amount at the end of 




TtME IN YEARS 



FiQ. 36. 
each year. If the amount is initially £y„, then at 
the end of the 1", 2"", 3«, . . . wth . . . year the 
amount will be y„.l-05, y„{l-05y, y„{l-OSy, . . . 
y. (1-05)". ... 

Now the powers to which 1-05 is raised, namely 
1, 2, 3, ... w, ... are simply ihe abscissce — if one 
unit is made to represent one year. Putting in the 
intermediate values, i.e. interpolating, we see that 
the ordinate of the smooth curve is 
y = y, {imy 



§ 23] COMPOUND INTEEEST LAW 65 

where x is any abscissa (and not necessarily a whole 
number). 

The general law, when the rate of interest is any- 
thing we please, is 

y = yea', . . . (2) 
on putting a for 1'05. This law has the character- 
istic property (1), but we shall not at present find 
the connexion between the number a and the ratio 
of proportionality k. Since the law is represented 
by a variable power of a number a, it is also called 
exponential, x being the exponent of the power. 

It might be thought at first sight that this law was 
an algebraic one, but this is' not so, for in this case 
the power x is variable. In algebraic expressions, 
such as x", the power is constant. 

§ 23. Examples of quantities which follow the 
exponential laws will be familiar to the student. We 
take some specific cases. 

1°. Eatb of Growth of a Population. — If the 
rate of increase per thousand is. constant, the whole 
population will increase at a rate proportional to it- 
self at any time. 

2°. Friction Between Belt and PoriLSY. — Sup- 
pose a belt AEQB to pass round a circular pulley O, 
and to be about to slip in the direction named. Let 

T„ = tension in belt at A 

T = „ „ „ „E 

T + oT = ,, ,, ,, ,, y 

P = pressure per unit length at E. 

r = radius of pulley. 

= angle a6e. 

86 = angle e6q. 

/J, = coefficient of friction. 
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The forces acting upon the element EQ of the 
belt are 

PrS6 direction of OE (approximately). 

T ,, tangent at E, backwards. 

T + ST ,, tangent at Q, forwards. 

H-Fr86 „ tangent at E, backwards (approxi- 

mately), the frictional force. 



T + 8T 



JPr89 




Fig. 37. 



Eesolving in the direction OE 

Fr8$ = (T + ST) sin 86. 

We may put 89 for sin 89, and then neglect the 
product 8T . 89; thus 

Fr80 = T89lorT = Vr . . . (l) 
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Eesolving along the tangent at E 

T + /iPrSe = (T + 8T) cos he. 
Put 1 for cos Se. 

T + //,Pr86» = T + 8T, 
or , - 8T = ixBrSe 

8T 



I.e. 
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^Pr = /.T by (1). 
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Fig. 38.-2/ = a»^ (a < 1) or i/ = 6 - »:(6 > !)• 
(i/„ is taken = 1 in this figure). 

Thus the rate of increase of the tension with the 
angle is proportional to the tension, which must 
therefore increase round the pulley exponentially 

T = T„ a» * 
for a suitable value of a. 

We shall mention some other oases later. 

* The formula is precisely T = T„ ef^ (see below). 
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§ 24. Decreasing Quantities. — A quantity also 
follows an exponential law when its rate 0} decrease 
is proportional to its value at any time. In fact a 
rate of decrease is only a negative rate of increase. 
But in this case the number a will be less- than 
unity. We have thus for such a quantity 

y = y„a^ a<l 
and 

-i (negative) = - ky 
dx 

where k is some positive number. 

Another way of looking at this case is to put 

a = T, so that 6 > 1. Then 
o 

From this point of view we see that the curve is 
exactly the same as the rising curve y = y„b', but re- 
flected in the vertical axis (because opposite signs are 
taken for x). 

§ 25. Further Examples. — 3°. Fall of electric 
current in a circuit from which the E.M.F. is sud- 
denly cut off. When an electric current G is flowing 
round a closed circuit, a magnetic field is set up, the 
number N of lines of magnetic force linking the cir- 
cuit being proportional to the current. Again if the 
number N of lines of magnetic force is diminished, 
then a current is set up in the circuit, its direction 
being the ^me as that of the current mentioned in 
the last sentence, and its magnitude being propor- 
tional to the rate of diminution of the number of 
lines of magnetic force. Therefore in the case in 
view, the current C at any instant is proportional to 



M'i 
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the rate of diminution of N, i.e. to the rate of 

diminution of C. So 

dG 
G = - \ -Tj- (i = time in seconds) 

and the current follows a diminishing exponential 
law. 

4°. Damped Vibrations. — These will be discussed 
shortly (p. 75). We mention here that the amplitude 
A of each vibration is a given fraction, say a (< 1), of 
the preceding one. Thus successive amplitudes will be 

A„, A„a, A„a^ A„a', . . . 
and in general 

A = Ajx'' a < 1 

{x being here a whole number, viz. the number of 
vibrations) so that the amplitudes diminish expon- 
entially. 

§ 26. Special Exponential Law. — We have seen 
that when y follows the law 

y = Voa', 
then its rate of increase is proportional to itself 

It is clear that there will be one special value of a 

, . , dy ■ 
ir which T- IS no 

actually equal to it. 



for which -p is not merely proportional to y, but 



dy 

dx ~ ^' 
This value of a is of the utmost importance; it is 
written e and 

a = e = 2-718281. . . . 
The number e is not exact or commensurable, that is 
to say it cannot be represented exactly by an ending 
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decimal or by a fraction, but only approximately : 
we have given it to one part in a million. 
^ Taking any value of a we could write 

a = e'^ 

where A. is the power to which we must raise e in 
order to get a (or A, is the logarithm of a to the base 
e — see next paragraph). Of course A. also will not 
be a commensurable number in general. Suppose, 
for instance, a had the value 10, then 

A. = 2-302585 . . . 
so that 

10 = (2-718281 . . . ) 2-302585 . . . 

to any required degree of approximation. The cal- 
culation by which A is determined will be easy to 
any one familiar with logarithms, and will be briefly 
explained below. 

Thus we may always write 

y^y,e^' . . (3) 

instead of (2). 

It wUl now be clear that \ is precisely the number 
k. For from the above the rate of increase of y with 
respect to Xx is y: so the rate of increase of y with 
respect to x is ky. So that 

k = X ll = X2/ = A2/„ e^^ . . . (4) 

(If the student does not see this at once he should 
repeat it putting a simple value, say 2, for A.) 

Finally then the two equations (2) (p. 65) and 
(3) are equivalent to each other. 

Thus our final formula for the tension in the belt 
in the example considered above (2°, p. 65) is T = T^e***. 
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Whe7i a is less than 1, the value of X will be nega- 
tive. In the example (3°) above the current is 

§ 27. Logarithmic Laws. — If we consider 
powers of a niimber, say 10, 

y = 10^ 



y 

4_ 
3_ 
2 



3 



Fig. 39.-1/ = e" { - y^ = 1). 

we can, as we have seen, plot them to a curve 
(similar to Fig. 38) * and we make the following ob- 
servations : — 

The curve is always rising. 

When a; = 1, 2/ = 10. 

When X = 0, y = 1- 

* This curve is given below (Fig. 40), differently arranged for 
reasons explained. The student will follow the first part of the 
reasoning better from Fig. 38, or better still from a figure of his 
own for 11 = iO'. 
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When X increases from to I, y increases from 1 
to 10. 

When X is greater than 1 (x>l),yis greater than 
10, and y increases indefinitely with x. 

When X is negative (x = - z), then y = 10"' 
= 1/10' <1. The ordinate y becomes indefinitely 
small, but never vanishes or becomes negative, when 
X becomes an indefinitely great negative number. 

Thus y takes every positive value for some value 
ofx. 

Conversely given any value of y, we can always 
find a power of 10 equal to this value of y ; this is 



xz 




-2 

Fio. 40. — Graph of x=log^gy. 

called the logarithm of y to the base 10, and is written 
shortly 

logio y- 
So that 

y = lO"' and x = log^ y 
are two ways of writing the same thing. 

The graph oi y = 10*, will give at once the lo- 
garithm of any number : thus to find logj^ 2, find 
the ordinate equal to 2 in the figure, and the abscissa 
will be logjQ 2. Or we may draw the graph of 
the logarithm 

* = log,o2/ 
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of course making the y (abscissa) axis horizontal, 
and the a;-axis vertical (Fig. 40). But the graph is 
really the same as before. 

Logarithms to base 10 are common logarithms ; 
they are used in arithmetical calculations. Loga- 
rithms to the base e = 2-71828 . . . are also very 
important : they are Napierian or Hyperbolic loga- 
rithms and are almost invariably used in theoretical 
work, for which they are more convenient. 

To convert from common logarithms to Napierian 
logarithms we use the rule 

log„ X = 2-303 logiQ X. 

"We have remarked that logarithmic laws and ex- 
ponential laws are not really distinct : they are in- 
verse to each other, just as 2/ = sin x and a; = sin - ^y 
are inverse to each other. When, as is usual, a law 
can be expressed in either an exponential or a loga- 
rithmic form, the former is preferred. The symbol 
log X implies log^ x in theoretical work and logjQ x 
in numerical work. 

The following operation should be noted 
e log^a; = x ; loge e* = a;. 

IV. Mixed Laws. 
§ 28. The Preceding Laws. — 

I. 1, X, a;", j-^^, etc. . . . 

II. Sin X, cos X, tan x, etc. 
Sin""^ X, cos'i X, tan-i x, etc. 

III. e% a", log, X 

may be combined in a great variety of ways. We 
will give some important instances. 
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Addition and Subtraction. — 

y = X + sin ^ X. 
The graph would be obtained by adding the ordinates 
as in Pig 41. 



v^ 



PiQ. 41. 

Multiplication and Division. — Instances are 

1 , 1 + X 

a; sin a; ; - e" ; e' log,*; — ; . 

' X ' °'' ' sm a; • 

The graphs are obtained as before by multiplying or 

dividing the corresponding ordinates. The following 

is an example. 

Damped Vibrations. — This is a very important 

case ; its formula is 

y = y„e-^' sin u>t ; 
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it is the law followed by all simple * small vibrations 
whatever, whether mechanical or electrical (see § 25, 
4°). The coefficient of sin oix, viz. y„e-'^' is the am- 
plitude ; it is seen to diminish exponentially. 

"Function of a Function*. — This is a more 
subtle combination of laws, and one which it is im- 
portant thoroughly to understand. As we have 
noted already instead of saying " y follows such and 
such a law with respect to x," we may say "j/ is a 
function of x" : thus x", sin x or e'' are ail functions 
of X. The general definition is as follows : — 

y 




Fig. 42. — Damped vibrations. 

A quantity y is a (one-valued) function of x, when 
to every value of x corresponds one value of y. The 
statement : " ^ is a function of x " may be written 
briefly 

y = /(«=)• 

This might mean y = e", or y = sin x or that y was 
given in terms of x empirically by means of a graph, 
or a table of values. 

If 2/ is a function of x (or depends on x) , then x is 
of course a function of y, 

X = ¥{y) 

* Strictly " with one degree of freedom". The motion of 
vibratory systems with several degrees of freedom consists in a 
combination of several such simple damped vibrations. 
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since for each value of y there is one (sometimes 
more than one) value of x. This is the inverse 
function; we use a different letter F, because the 
law involved is different : this is sometimes written 

lif{x) were e', then/-i (x) would be loge x. We see 
now the reason for the notation sin-i x, cos'^ x, etc. 
Now consider 

y = sin x\ 
Suppose we give a value to x, then X" takes a de- 
finite value, and y is the sine of this last value. To 
express y in terms of x graphically, we first draw the . 




"4 « i 7 s i~ 

-y = xi and y= sin xi. 

graph of X" (in the figure ?/ = a;*), then for the ordinate 
y corresponding to x, take, not the sine of the number 
X, but the sine of xi, and so on. . This is a function 
of a function, for x" is a function of x, and ?/ is a 
function of a;". 

The law 

y = (sin «)" = sin" x 
is of course different. We first take the sine of x, 
then we raise it to the nth. power : sin a; is a function 
of X, and y is a, function of sin x. 

The process may be repeated several times, and 
may be combined with the processes already men- 
tioned ; the expressions 
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tan -^ (e' tan e^), sin ( i ^ — — ) 

^ ■" \1 + log x/ 

explain themselves simply enough, though their 

graphs are a little difiScult lio draw. 

Another way of looking at the matter is to intro- 
duce some more letters. Thus in the function 

y = sin X" 
we can put 

z = X"; y = sin z; 
then y ia a, function of z which is itself a function 
of X. 

An example of a rather complicated function in- 
volving this idea which occurs in engineering is 
Hutton's wind pressure formula P^ = P„ sin 6 ^'^* °°" ' ^ 
where Pg is the wind pressure upon a surface inclined 
at an angle to the horizontal and P„ is the pressure 
upon a vertical surface. 

BXEEOISBS 3. 

1. Draw a graph of logjQ sin x from a; = to 
X = 90°. 

2. If a; = ^ (e» -f e-"), sho w that 

y = log, {x + Jx'^ + 1}. 

3. Plot the graph up to a; = 2 of the function 

y = i{e^-e-^)^x + ^ + ^jj^ + . . . 
i. Prove that Je = 1-64:87. 

5. Prove that ii x = log, tan [j + n) 

tan <^ = ^ (e^ - e-"). 

6. Plot against a time base the damped vibration 
given by 2/ = 2e"''' sin 2-98t. (Values of y should 
be calculated ^by logarithms.) 

7. Plot against a time base the function 

y = lOt.e-"- 
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ANSWEBS TO EXBECISES. 
3. 

2. 2x = e' + - .: e^ - 2x6' +1=0. Solv- 
ed 

ing this as a quadratic for e", e' = x ± Jx^ + 1 ; 

taking the positive sign (since there is no logarithm 

of a negative number) .". ^ = log^ {x + ^ x^ + l}- 

5. If a; = log, tan ^1 + ^j, e' = tan Q + ^j 

1 + tan 3 cos i + sin J 

1= -A f = (multiplying 

1 - tan f cos I - sin I 

top and bottom by cos ^ + sin ?) 

1 + 2 sin ^ cos ? 1 , . , 
2 2 1 + sm <^ 

2A ; 2T cos 1^ 

cos -J - sm -^ 
2 2 

a- ; 1 1 - sin rf> 

Similarly e~* = r-^ 

•' cos <^ 

. g. _ g., _ 1 + sin «^ _ 1 - sin .^ 

cos (f> cos ^ 

2 sin <^ 

= T- = 2 tan d). 

cos ^ ^ 



CHAPTBE IV. 

SYSTEMATIC DIFPEEENTIATION. 

§ 29. Slopes obtained from Formulae. — We 

have seen in the previous chapters that a re- 
lation between two varying quantities, or a law 
can be expressed (1) by means of a graph, (2) 
by means of a formula. The latter method is not 
only more terse and convenient from many points of 
view, but it generally throws a great deal of light 
upon the connexion between two quantities ; and 
this is especially the case when the law is a simple 
one. In Chapters IE and III we summarized the 
types of formulae which are most commonly met 
with. When we have a quantity expressed as a 
graph, we can find its rate of change graphically, 
although this is a tedious and rather inaccurate pro- 
cess. We now want to see how when we are given 
the quantity as a formula we can find the rate of 
change or differential coefficient in a second formula. 

First we will take some simple examples. 

1°._ y = x^. 

To obtain the slope S-, let us find the change in 
ax 

y when x changes by hx : 

for X we have y = x'^ 

for X -1- Sa;|jwe have ?/ + 8y = (a; -f hxf. 

(79) 
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The change in y = Sy = new value of y minus old 
value of y 

= {x + Sxy - a;2 

= x^ + 2xSx + Sx^ - x^ 

= 2xSx + 8x^ 

.'. rate of change of y 

= change in y -i- change in x 
= Sy/Sx = [2xSx + Sx^ySx 
= 2x + Sx. 

When 8a; is made indefinitely small the second 
term in the last expression becomes indefinitely 
small, and passes the limits of accuracy, so that it 
can be neglected.^ Hence in the limit 

^ = 2x. 
ax 

We have thus found a formula for the slope. 

2 • y = i^x 

Here hy ^ ^ 



1 + X + hx 1 + a;" 
(bringing to a common denominator) 

' Some students find difficulty in following this argument 
with reference to terms that become so small that they may be 
neglected. The point to remember is that 8a; may be as small as 

we like. Suppose, for instance x = 10. If we take 5a; = jggQ' 
- = 20 + -pr^- It it does not satisfy us to neglect this rrrj^' 

'""^^ '^ = i^-;ooo ■' *^«" S = 2° + mofioo- ''^'^' ^^**^"s 

smaller and smaller values of Sa;, we have finally ^ = 20, i.e. 

5¥ -.2»'- 
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^ (1 + a;) - (1 + a; + 8x) 

(1 + X + Bx) (1 + x) 
_ X + x-1-x-Sx 

(i + X + 8x) (1 + x) 

- 8a; 

(1 + a; + Sx) (1 + x) 

■ ^ = - 1 

" 8x (1 + a; + 8a;) (1 + x)' 
and making 8a; indefinitely small, 

dy _ - 1 _ - 1 



dx (1 + x) (1 + x) (i + x)'^ 
We might differentiate all expressions in this way 
" from first" principles " ; it is, however, possible to 
reduce differentiation to a set of simple rules, and 
this we shall now do. The method consists in com- 
mitting to memory a certain number of standard 
slopes (obtained in §§ 31, 32) and deducing all other 
slopes from these by means of the formulae in the 
next article. 

§ 30. General Formulae. — We now show how to 
obtain the slope for the sum (or difference), the pro- 
duct or the quotient, of two quantities, when we know 
the slopes of these quantities separately. 
1°. Sum : if 2/ = 2/i -f- y^, 

then ? = ^' + f^. 
dx dx dx 

For we have 8y = By^ + Sj/j ; 

dividing by 8a;, 

8a; 8a; 8a; ' 

or making 8a; (and .•. Sy) indefinitely small, 
dy ^ dy^ _^_ %__ 
dx dx dx 

6 



82 CALCULUS FOE BNGINEBES [CH IV. 

Similarly ii y = y^ - y^, 

.,„ dy _ dy^ _ dy^ 
tnen -^ — -^ — 5 — 

ax dx dx 

2°. Peoduct : if 2/ = Ux Vi 

fhnr, ^y - oj dVi ,^ dy^, 

or in words : the slope of {y^ x y^) = y^ x slope of 

2/1 + j/i X slope of y^. 

Here 

2/ + % = (2/1 + S2/1) (2/2 + 82/2). 

■•• % = (2/i + 82/1) (2/2 + S2/2) - 2/12/2 

= 2/12/2 + 2/2S2/1 + 2/1S2/2 + 82/1- 82/2 - 2/i2/2- 

= 2/2S2/1 + 2/i^2 + 82/182/2- 
Hence 

to ~ ^^ 8"^- + ^1 8a; + "to ' ^^'^ 

If we make hx indefinitely small, the last term be- 
comes negligible, for -^ remains finite while 82/2 be- 
comes very small. So finally 

diyiVi) _ ^ %i , ^ dy^ 

~d^ ~ ^'W ^y^~drx- 

3°. Qdgtibnt' ; if 2/ = 2/2/2/1 

then$ = (y.^y^ - y,^]L2 
dx Y^ dx "^ dxjjy^' 

Or in words : the slope of a qiootient = denominator 
X slope of numerator - numerator x slope of de- 
nominator, all over denominator squared. 

If 2/ = 2/2/2/1 tJien 

Sy = 2/2 + 82/2 _ Vi 
Vi + 82/1 2/1 
._ (2/2 + 82/2) 2/1 - 2/2 (2/1 + 82/1) 
(2/1 + 82/1)2/1 
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2/1 (2/l + 82/1)' 

Hence 1= ^'8^ ^^8^ 
^^ 2/1 (2/1 + 82/1) 

y,^ - 2/2^ 

and .-. ^ = "^ '^ because Sj/, becomes 

'^^ 2/1 negligibly small. 

4°. Function of a Function • ^ = ^ .^ 

dx dz dx 
or in words : slope of y with respect tox = slope of y 
with respect to z x slope of z with respect to x. 

We now come to the case of the more complicated 
relations between y and x discussed in § 28 (Chap. III). 

% 
dz' 

dz 
and z is given in terms of x, so that we know also — . 

ax 

We want to find — " Dealing with finite changes in 
dx 

value or increments we have on introducing Sz in 

numerator and denominator, 

^ ^ Sy Sz 

Sx Sz ' Sx 
when the increments become infinitely small, each 
ratio becomes a differential coefiScient and the for- 
mula follows at once, i.e. 

dy _ dy dz 

dx dz ' dx 
A special case should be carefully noted. If y de- 
pends on X, then x depends on y (inverse function, 
§27). So, replacing z by x, instead of saying : y is a, 
function of z which is a function of x, we might say : 



Suppose y is given in terms of z so that we know 

dz 
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a; is a function of y, which is a function of x. There- 
fore 

dx _ dy dx 

dx dx ' dy 



dx . T 
— IS 1; 
dx 


hence 




^ _ dy dx 
dx ' dy 




dx ^ ^idy 
dy /dx' 



or, 



a very useful result. 

This can be seen very clearly from the graphical 
consideration of slopes. If a tangent to a curve in- 
tersect the y and x axes at angles a and j3 respect- 
ively, such angles are complementary 
.•. tan u, = cot jB = 1/tan /8 

but tan a = ^p- and tan B = ^ 
dy dx 

§ 31. Fundamental Slopes. — We shall reduce 
the slopes we obtain from first principles (apart from 
the explanatory examples in § 29) to a minimum, 
namely three, one for each of the classes of laws in 
the last chapter. 

1°. y = X", where w = a whole number. 

dy „ I 

-i = w X 33"-'. 

dx 
To prove this we use the method of induction. 
When w = 1, 2/ = a; and 8?/ = 8a;. 

.•.^=land^=l 
8a; dx 

M = 2, y = x"^ 

8t/ = (a; -h hxY - a;2 = 2a;8a; + {^xf 
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.-. ^ = 2x + Sxa.nA^ = 2x + = 2x 
8x dx 

n = 3, y = x^ 

we have seen in § 29 that ^ = 3xK 

dx 

Assume the rule holds for any other whole number 
n. We shall prove that it holds for the next whole 
number » + 1. We assume, then, that 

if 2/ = «", then -^ = nx" - 1. 
dx 

Take y = x"+^ = x" x x 

dy dx" , ^ dx ,■, „ oa\ 

= X . nx"-^ + X" = nx" + x" 
= (w + 1) X". 

Then, if the rule holds for any whole number, it 
holds for the next. It holds for n = 2, .-. for w = 3, 
.-. for re = 4 and so on, and finally it holds for all 
whole numbers. 

no • dy 

2 . M = sin a;, ^^ = cos a; 

dx 

y + Sy = sm {x + Sx) 

By = sin (x + Sx) - sin x 

= 2 sm — cos ( a; H J. 



Hence 

Sy _ """2 



2sm— - 



Sa; 8x 



. cos 



('-!) 
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3in ( 



8x\ 



■ /bx\ 

'"" (-2 ) 
The first factor — ^^^ — - approaches unity when 



(f) 



— becomes indefinitely small (see § 19) ; the second 

A 

factor approaches cos x. Hence 

^= cos a;. 
dx 

ax 

This we have seen is a characteristic property of the 
exponential law (§ 26). 

§ 32. Standard Slopes. — We now deduce a set 
of standard slopes from the results in §§ 26 and 27. 

1°. 2/ = a?" (m = any number), -^ = nx"-^ 

(1) let n be fractional : n = p/q 

p 
y = xH. 

Eaise both sides to the 5'* power 

y" = x\ 

Differentiate both sides with regard to x. 

The left-hand side t/' is a function of y, which it- 
self is a function of x; we therefore apply the 
" function of a function " rule (§ 30, 4°), and get 

dy dy _ dx" 
dy ' dx dx 
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So 



."-1 n X''' 



dy p a;"-i p 

■ p x"-'^ p . ,p 
1 x"-"^ q 

P p 
= -x''-7j-' = nx''-^. 

1 
(2) Let n be negative : n = - m (m is a positive 
number, whole or fractional) 

y = a;-™ 
.-. x'^y = 1. 
Differentiate both sides : the slope of 1 is zero, for 
the graph of a constant is a horizontal straight line : 
the left-hand side is a product (§ 30, 2°). 

y + x^^ = 

ax dx 

i.e. a;"'-^^ _„= _ ^-m _ ^x-^-i 
dx " dx 

= - mx~'^ 

.'. j^ = - mx-"'-'^ = wa;"-i. 
dx 

The result then holds for all values of ». 

dy 
2 . y = cos X, -J- = - sm x. 

We can write cos x = sin \x+ -\ and apply the 
"function of a function" rule (§ 30, 4°), for 
sin (x + - ) is a function of (x + ~\ which is a 
function of x. 
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dy _ d COS X 



d sin (x + ^ j 



dx dx dx 



d sin ^a; + ^ j d (x + ^j 

T f 7r\ dx 

d 



hi) 



d" 



= - sin a; . (1 + 0) = - sin x. 

dy o 

3 . y = ta,nx,-^ = sec^ x. 

sin a; . 
Here tan x = is to be regarded as a quo- 

tient (§ 30, 3°) 

- - . ^ „„„ „ i^ sin a; . d cos x 

dy _ d /sm x\ _ cos x —- - sm x 



d /sm a;\ cos x — „.„ ^ — 

J- = J- = »* dx 

dx dx \co8 a;/ 



cos^ X 
_ cos X . cos a; - sin x . {- sin a;) 

COS^ X 

_ cos^ a; + sin^ x _ 1 

cos^ a; cos^ x 

4°. 2/ = sin-^ a;, -^ = 



= sec" X. 



dx Ji- - 3?' 
Here we have 

sin y = X. 

Applying the "function of a function" rule 
(§ 30, 4°) 

d sin y dy _ dx 
dy dx dx 

cosy y = 1 
dx 
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. % ^ _1 1 1 

■- dx~ cosy ~ Ji _ ain^ y ~ Jl - x^' 
5°. y = tan-i x, -f- = 



dx 1 + x^' 
Proceeding as in 4°, we put tan y = x, 



sec^ 2/^=1 



dy 



dx seo^ y 1 + tan^ y 1 + x^- 
&.y^logx,-^=- 

Again similarly 

e" = X 
_ de" dy _ dx 
' ' dy ' dx dx 

dx 

.-. ^ = 1- = - 
' ' dx e" x 

7°. The student should notice the effect o£ multi- 
plying by a constant. We will illustrate this by 
means of examples : — 

{1) y = a sin x. 

It should be evident that 

dy d sin x 

-r- = o, — 3 = a cos x. 

dx dx 

If it is not evident, the product formula (§ 30, 2°) 

may be used 

dy d 

J- = T- a, . sm X 

dx dx 

da d sin x 

= sm X ^^ + a :; — 

dx dx 

= sin a; X + a cos « 



90 
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= a COS X. 
(2) y = sin bx. 

Eegard this as a "function of a function ". 
dy _ d sin bx _ d sin (px) d{bx) 
d{bx) 



dx 



dx dx 

= cos bx X b = b cos bx. 
The following list of standard slopes should be re- 
membered. The student should work out for him- 
self those which have not been obtained in the text. 



LIST OF STANDAED SLOPES OE DIF- 
PBEBNTIAL COEFFICIENTS. 



1. 


y 


= constant 


dx 





2. 


y 


= «" 


dy _ 
dx 


wa!"-i 


3. 




sin X 




cos X 


4. 




cos X 


. 


sin X 


5. 




tan X 




sec^ X 


6. 




cosec X 


. 


cosec^ X cos X 


7. 




sec X 




sec^ X sin x 


8. 




cot a; 
sin-i X . 


— 


cosec^ X 


9. 


1/Vl-a:^ 


10. 




cos-i X . 


. 


l/Vl-«' 


IL 




tan-^ X 


. 


1/(1 + x^) 


12. 




e . 


. 


e" 


13. 




log a; . 




1/x. 



§ 33. Implicit Relations. — We have so far con- 
sidered cases where the dependent quantity y is 
given directly (explicitly) in terms of x, as in 
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We frequently have y given in terms of x in an 
indirect {implicit) way, as in 

1°. x^ + 2xy + 1 + y = 0. 

2°. j/2 + Zxy + 2a;2 = 0. 

3°. e"-> = x + y. 

As before y can be determined when x is known, 
but only by solving an equation. In 1° we get the 
explicit form at once 

2/= -^±^ 
•' 2a; + 1 

In 2° we find (on solving the quadratic equation 
in 2/) our relation is equivalent to two explicit rela- 
tions 

y = - X and y = - 2x. 

In 3° we camiot fiiid the equivalent explicit rela- 
tions. 

In such cases it is still often necessary and easy 

to find J-. To do so we only have to differentiate the 

equation through, remembering that y depends v/pon x 
(is a function of x). 
Taking 2° 

2« ^ + 37y + 3a; ^ + 4a; = 0. 
ax dx 

Hence ^ = _ ^UlM, 

dx 2y + 3x 

It is seen that in this case both x and y appear in 
the expression for the slope. This as a rule is no 
disadvantage, and even in cases where we can re- 
place y by its expression in x (we could in this 
example), it is generally not worth while doing so. 

In example 3° we have similarly 
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e'™* d{xy) _ dx dy 



Hence 



d{xy) dx dx dx' 
dy 1 - ye^ 



dx xe^ - r 



§ 34. Successive Differentiation. — Having 
found the slope of any expression, say x"; we have 
another expression, nx"''^, of which we can find the 
the slope in turn (§ 5). And this process may be 
carried out as often as we please. These successive 
differential coefficients are written 

dy d?y d^y ^^^ 
dx' dx^' dx ' 



So that 

_d_fdy\ ^ d'y _ /'dy 

dx 
Thus if 

1° y = a;", 

then 



(I) = S = i^y y' ''''■ 



and so on. 

Note that the «th slope when n is integral, 
g = ,. (« - 1) (« - 2) . . . 3. 2. 1. 

is a constant, and all higher slopes vanish. 
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Other examples : — 



y = logx 






dx x' dx^ 
dx* X- 



x^' dx^ x" 

2.3 6 , 

—J- = ~" rj" ^"^d so on. 



2/ = 6=" 

dy ^ ^ ^ ^ _ 
dx dx^ dx^ " 

I 
dy 
dx 



X* 



sin X 



= cos X = sin 



in (. + 5) 




Pig. 44. 



da;2 



COS /^a; + 5 j = sin (a; + 2. '^ ) = - 



sin a; 



^-^'"("^■i) 



= - cos a; 



= sin X. 



§ 35. Example of Steam-Engine Mechanism.— 

As a useful example iti/volving fairly complicated dif- 
feientiation, take the case of the steam engine mechan- 
ism that we have already considered (p. 13). 

The crank CB revolves around the' point C with 
uniform velocity and the cross-head A reciprocates 
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between the poiuts BF. To find the velocity and 
acceleration of the cross-head. 

Let the cross-head be at a distance x from B. 

Velocity. — Now velocity — rate of change of posi- 
tion, i.e. '^ 
dt 

a; = BG - AG 

= I + r - I cos (j) - r cos 6. 
Let I - kr, 
then X = r {k {1 - cos <^) -f (1 - cos 6)} (1) 
_ dx 
'''"" ~ Tt 

=. r ik <^(1 - cos <l>) d^ 
\ ' d<i> ' dt 
^ d{l - cos 6) m* 
de ' dtj 

= r{.sin<^,# + sin.|} (2) 

d6 
Now — = rate of change of angle = angular ve- 
dt 

locity = (0 = 27rti, n being the nurnber of revolutions 
per second. 

Also Z sin <^ = BD = r sin 6, 

.-. k sin (j) = sin 0, . . (3) 

.•. differentiating we get 

jfc cos <^ ^ = cos e 4^ . . (4) 
dt dt 

Substituting (3) and (4) in (2), 

„ /A; sin d cos 6 d , . „ d6\ 

V = r I — - — i . + sin 6 — ) 

V k cos cf) dt dt/ 

•This is an example of "Function of a i function" (pp. 75 
and 88). 
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^ de /sin ^ COS ^ . a 

at \ k cos </) / 

= 2nrn^m6(l +-^^lt\. . (5) 
\ k cos </)/ ^ -^ 

Prom (3) B sin^ ^ = sin^ 6 

i-e. A;2 (1 - cos^ <j>) = sin^ e 

i-e. A;2 cos^ <j> = k^ - sin^ 61 

or fc cos .^ = ^k^ - sin2 ^ 

.-. t) = 2,rrw sin 61 ( "°^ ^ + i\ 

VVfc'' - sin^ 61 ^ 

Acceleration.— Now acceleration = rate of change 
of velocity 

- „ -^^ ^ <i'v do „ ^, dv 

-"-di - de-di^^""''- de ■ ■ (^^ 



(6) 



.-. a= 4,r2wV sin e . I V^'' - sin^ 6 J 

L de 

/ cos^ X d^inj-l 

l/P-sin^e^ j~~d^J • • ^^^ 



d \ _""°".. „ +ll 



cos 6 

Now 1 yF^^sin^ 61 



in '-^K d cos e „r.^ d Jk^ - sin^ 

{¥ - sin2 6) + ^ 

- sin e ^'k^-sin^e - cos fl . J ( Jk^^-sin'^B) "*;( - 2 sin e.oos 9)* 
'' (fc» - sin2 fl) 

sin e cos^ ^ 



^fc^ - sin^ 



- sin 61 Jk^ - sin2 6» 



(i;2 - sin3 e) 
de de 
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_ sin e {cos" - {Jk^ - sin^ ef\ 
(P _ sin2 e)i 
sin 6 (cos2 - k^ + sin^ e) ^ ain 6 (1 - k^) 
~ (fc-2 - sin^ 61)5 (A;2 - sin'-* 6)3' 

Putting this value in (8) we get 

y, /t , COS \ ) 

+ COS e ( 1 H ^== ) } 

\ Jk^-sin^/j 

^ 4.Vr (cos ^ + ^^' ' (^ -g + "°n^ (f - -^"^ ^) I 

,„„ f ^ , A;2(cos26l-sin2^) + sin26i(l-cos26l)) 
= 47rVr -^ cos e + — i yj^ — ' . „ ' ' } 

. „ , f /, , A" cos 26 + sin* ^1 /Qv 

^4.%V|cos6+ (,,_^.^,^)3 I (8) 

Equation (8) therefore gives the acceleration of the 
cross-head and therefore that of the piston for any 
angular position of the crank. 

EXEECISES 4. 

When the student has grasped the principles of 
differentiation he requires considerable practice in 
carrying out the operation in definite exercises and 
so should work carefully through the following : — 

Find the differential coefficients with regard to x 
of:— 

Q.x + h 

X 

7. 4.x + \. 
x^ 

8. (4a! + If. 

9. (3 - xf. 



1. 


bx\ 






2. 


6a;2 


- &x 


+ 12. 


3. 


4 + 


11a; - 


- 2a;2. 


4. 


2 
x^' 






5. 


4 
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-. Q 1 17. X sin X. 

{2x + 4:)-^' 18. X log, X. 

1 19. log, sin X. 

J^^^rrxr 20. sin-i (1 - x). 



1 - X 
1 + x' 



(x+l) 
12. (^ + 1) ^ 21. log, 

a;2 + 1 ' 

2a;* 22. log, {a; + V^2 + i| 

16"^r^' 23. log, {a;+ Va;^-!} 

14. sin V^MTS: 24. 2/ = i (.- - .-). 

15. sin^ a;. J/1 + «^^ 

16. sin 2x cos a;. "'^- ^ U - xY 

26. sina;2. 30. 21ogioa;. 33. e". 

27. sin-i2a;. 31. cot log, a;. 34. e-^'- 

28. tan-ia;2. 32. log, cot a;. „, ^ 

1 35. e" 10 sin 3a;. 

29. cos-i -. 

X 

36. lis =a cos (mi5 + &), find f?. 

37. If 2/ = A sin ma; + B sin mx, find ---^. 

38. liy = aj^log, — , find -=-^. 

Qj CvX 

■ 39. If M = 3a;3 + 4a;2 _ 3^ + g gn^ ^_ 

ax' 

40. If 2/ =- sin^ a;, find 



dx^' 



41. In the steam-engine show that when the 
piston is at its mid point in the forward motion, the 

crank angle is cos-^ _ and find the acceleration and 
velocity in that position. 
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ANSWERS TO BXBECISBS. 
i. 
1. 10a;. 2. 12a; - 6. 3. 11 - ix. 4. ^. 

10 R 1 1 7 A 2 

Jx^ a;2 a!3 

8, 20(4a;+l)*. 9. -4(3-a;)3. 10. - 



(2a; + if 

11 -2 ,2 2(1 - x^) ,3 128a;3-4a;^ 

(a;+l)= (a;2 + l)"" " (16 - a;^)^ " 

, ^ a; cos ^a;^ +3 . 

14. , , „ 15. sm 2a;. 

16. 2 cos 2a; cos a; - sin 2a; sin a;. 

17. sin a; + a; cos a;. 18. 1 + log x. 19. cot x. 

20. "^ ■ 21. -^. 22. ^ ■ 

V2a; - a;2 1 - a;^ ^1 + a;^ 

23. -=i=. 24: He" + 6-'). 25 ^'^ 



26. 2. COS. I 27. ^T^p. 28. ^. 

31. -icoseo^Wa;. 32. --. — ^ 

X 2 si"^ * COS a; 

33. - e-' 34. 2a;e-^ . 

35. e~l^(-?^+3cos3a;). 

36. - mh. 37. - m'y. 38. ^. 39. 18 a; + 8. 

X 



40. 2 COS 2a;. 41. « = 27rwrV4A;^-l 

2;c(2;b2 _ 1) 

(27rw)^ (4fe* - 6F + 1) 
(2A;2 - 1)3 



CHAPTER V. 

APPLICATIONS OF DIFPEEENTIATION. 

Cbitioal Values — Maxima and Minima. 

§ 36. Let us return to the discussion in § 3. If 
the figure represents the graph corresponding to 
some law, then the point 




Fia. 45. 

A is a maximum, since y rises to a greatest value 

and then falls ; 
B is a minimum, since y falls to a least value and 

then rises. 
At each of these points th^ curve is for a moment 
horizontal, and if is the inclination of the tangent 
at any point to the .u-axis, we shall have at A and B 



slope = -^ - tan e = 0. 



dy 



But — ^ vanishes also at such a point as C where 
dx 

(99) 



100 



CALCULUS FOE ENGINEERS 



[CH. V. 



the curve rises and becomes horizontal only to rise 
again. 

The points 

cmd D a7-e points of inflexion with horizontal 
ta/ngents, 
and all such points as A, B, C, D are, critical points. 

We now have to deal with this problem : — 

Given a law in the shape of a formula to find its 
critical points and to discuss their nature. 

In the first place all the critical values are ob- 
tained by writing 




0; 



FiQ. 46, 
&y 
dx 
for example, if 

2/ = 2x3 - 3^2 +1, 
then the critical values are given by 
dy 
dx 

i.e. x^ - X = 0, X {x - 1) = 
a; = and x = 1; 
the critical values of y are 

(1) for a; = 0, 2/ = + + 1 = 1 

(2) for a; = 1, 2/ = 2.1 - 3.1 + 1 = 



(1) 



6x^ - 6a; = 
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Having obtained the critical values, it is necessary 
to find out whether they are maxima or minima or 
only points of inflexion. 

Drawing the derived curve of Fig. 45, we note 
(Fig. 47) that the slope which was positive before the 
point A, vanishes at A (M) and becomes negative. So 

At a maxiimim the slope is diminishing, and the 
slope curve is descending. 




Pig. 47. 



The slope of the slope curve is negative, i.e. 



Similarly 



-5-5 IS negative at a maximum. 



d?y . 

-5-2 IS positive at a minimum. 



At a point of inflexion such as C (K) (Fig. 45), the 
slope which was positive diminishes down to zero, 
but then it increases immediately after. We must 
therefore have a minimum on the slope curve ; 
similar remarks apply to a point such as D (L), 
and hence 
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Tr4 == ai a point of inflexion {with a horizontal 

tangent). 
For the expression (1) 







dx^ ' 


= 12a; 


- 6. 


Hence 








(1) 


for a; = 




-6, 


maximum, 


(2) 


for a; « 


- ^' dx' - 


12 - 


6 = + 6, 



+ 6, minimum. 

As an example of a point of inflexion, take 
y ^ x{x - If; 
the critical values are the roots of 

^={x-iy + zx {X -iY = o 

i.e. {x - 1)2 (« - 1 + 3a;) = 
{x - If {ix - 1) = 
.-. X = 1 and X = \ 

S = ^ «- - 1)^ (^- - 1)} 

= 2 (a; - 1) (ix - 1)+ 4 (a; - 1)^ 
= 6 (a; - 1) (2a; - 1) 

a; = 1 gives -r-a = 0, point of inflexion. 

X = + i gives —4 = f> niinimum. 
dx^ 

It should be noted that in general a maximum 
value of y is not the greatest value, for after rising to 
a maximum and falling, the curve may rise again 
beyond the maximum. An inspection of Fig: 45 
will show further that maxima and minima must 
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generally occur alternately (always when there is no 
break in the curve). 

Note. — The above investigation is not complete, 

although quite exact as far as it goes. If -^ = 

and ^p^ = at a certain point, this point is generally 

a point of inflexion, but it may exceptionally still be 
a maximum or a minimum. The complete rule is : 
At a critical point let 

^ = 0, ^ = 0, etc. 
dx'' ' d3f 

the first slope which does not vanish being 

dri 

dof 
then 

(1) if r is odd, we have a point of inflexion. 

(2) if r is even, then 

d^v 
if --j-4 < we have a maximum, 

d^v 
if -j-^ > we have a uaasimum. 

For instance, consider 
y = {x- If 

-T- = ^ {x - If: critical value is a; = 1 ; 

for ai = 1, ^ = 4.3 {x - l)^ = 

g = 4.3.2(.-l) = 

g = 4.3.2.1 = + 24. 
Hence a; = 1 is a- minimum. 
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EXBECISES 5a. 

Simple Problems on Maxima and Minima. 

1. Find the critical value of 8 + 15a; - 3x^. Is 
it a maximum or a minimum ? 

2. Find the maximum and minimum of 

x^ - 8x + 6. 

3. Find the maximum and minimum values of 
x(9 - x^). 

4. What is the maximum value of (2a; + 3) {5-x)7 

5. Prove that the rectangle of least perimeter for 
a given area is the square. 

6. Find the area of the greatest rectangle that can 
be inscribed in a given triangle. 

7. Find the values of x for a maximum value of 
the graph y = xe'". 

8. Show that sin x {1 + cos x) is a maximum for 
X = 60°. 

9. Find the minimum value of a cot 6 + 6 tan 6 

between 6 = and =^. 

10. Find the values of which make cos 6 + sin 6 
a maximum. 

§ 37. Worked Problems on Maxima and 
Minima. — The following examples will show some 
of the many applications to problems of engineering 
interest of the above treatment of maxima and 
minima. 

1 ■ A man A is 5 miles out at sea in a boat opposite 
a point B and wishes to reach a point C on the shore 
at a distance of 8 miles from B. If he can walk 4 
miles an hour and row 3 miles an hour, find at what 
point he should land in order to reach C in the 
shortest possible time. 

Suppose that he lands at a point D at distance x 
from B. 
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Then the distance that he rows 

= AD = V26 + x' miles 
and the distance that he walks = DC = 8 - a; miles. 



. m- X 1 AD DC 

. •. iime taken = { = —^ + — - 



^ V25 + x ' , (8 - x) 
3 "■*" 4 



(1) 



dt 
dx 



d Ul 



/'25 + X' 



d{ 



dx 



+ 



\ 4 



dx 




Fig. 48. 

_ 1 d (25 + x')^* ^ 1 d{Q - x) 
dx * <ia; 

, (25 + a;2)i-i /25 + x\ , 

(25 + a;^)-^ 



2.3 

a; 



^x - \ 



3 V25 + a;-'' 



(2) 



^ dt 

For a mmimum value j- = 
dx 



* This js an example of — —, c£. d. 84 

da; ^ 
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i = o 



3^25 + 



x"- 



i.e. 4:X = 3 J2b + x^ 
(squaring) l&x"^ = 225 + 9a;^ 
2 225 
^ =^ 

a; = — 7= = i£^ = 5-7 miles, Ans. 
V7 7 

(ignoring the negative root). 

The corresponding time is 3'102 hours. 

We have not yet proved that this is the minimum 
value but it is easy to do so as follows : — 

If a; = , < = 3-67 hours 

„ X = 5-7, t = 8-102 „ 

„ X = 8 , t = 3-145 „ 

This is the whole range of x and clearly t must be 
a minimum. 

The other and ^more reliable test is to find --.. 

dx^ 

This is not often necessary in practical cases because 

there is seldom any doubt, but we will do it as an 

example 

d^ ^ ^\3JWT^) _ dji) 
dx^ dx dx 




— , dx xd ( ^^25 + X 
x^ — - 



)] 

' dx dx r ~ ^ 



_ 1/ ^25 + x^ - x'^ (25 + x^)-i 
3 V 25 + a;2 

^ 25 + a:^ - x^ _ 25 

~ 3 (25 + a;2)S =^ 3 (26 + x^f 
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This is' positive for x — 15/ J7 (and in fact for all 
values of x : note that there is no question as to the 
sign of the root, as we have adopted and retained 
the positive determination in the problem). Hence 
the point is a minimum (§ 36, p. 101). 

2. (C) Find the position of a short uniformly dis- 
tributed load which will give the maximum bending 
moment at any point of a simply supported girder. 

Suppose that the centre of the load, which is of 
intensity p and length I (Fig. 49), and of total amount 
W = pi, has reached a point D. 
/ *. 



5 1 ^B 



T 



k- 

F — 



Fio. 49. 



Let C be the point at which the bending moment 
is required, and let the front of the load be at a dis- 
tance X from C and let the support B be at a dis- 
tance y from C. Let Eai Eb' be the reactions at A 
and B, and let AB = L. 

„, ^ W .AD pi /^ I 

Then Eb = j; =-^{Ij-y+x-^ 

Bending moment at C = Mc = Eb . 2/ - "o~ 

= *(l-, + .-|)-J|- . . . (I, 

We want to know for what value of x this bending 
moment will be a maximum. We therefore treat x 
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as the variable and put -^-5 = 0, regarding j/ as a 



constant. 




dMc 
dx 


L dx 2 dx 




= ^ (0 - + 1 - 0) - 1 . 2a; 




= ^?-.^ . . . (2) 


If this 


„ iy 
-0, l = x 


X 

or J 


_ 2/ 

L' 



We therefore get the rule : The B.M. at any point 
is a maximum when the load is in such a position 
that the given point divides the load in the same 
ratio as it divides the span. 

If there is any doubt as to whether the result is a 
maximum or a minimum, and in practical problems 

there is seldom any doubt, we find , .^ ■ 

From (2) '^ = - p. 

This is negative, therefore the B.M. is a maximum. 

3> (M) The horse-power that can he transmitted 
by a belt one square inch in section running at V feet 
per minute is given by the formula 

HP = II- ^' 

' ■ 891 12,400 X ID"' 

What speed will give the maximum horse-power and 
what will be the value of the maximum horse-power ? 
In this case V is the variable, so we put 
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^(H.P.)_Q 

d (H.P.) ^ J^ _ 3V^ ^ Q 

dY 891 12,400 x 10* 

ya ^ 12,400 X lO'i X 7 

3 X 891 
V = 5700 feet per minute. 
Putting this value for V in the formula for horse- 
power, we get 

max. H.P. = 29-9 
4. (B) Find the relative values of the internal and 
external resistance of an electric battery to obtain the 
greatest power therefrom. 

If Ej and E^ are the internal and external resis- 
tances respectively, C the current and V the voltage, 
we have 

E, -1- E/ 
The power given out = W = C^E„ 



regarding E^ as a variable we put 3^ = 0. 



= V[(E..E.).i|-E.i(?^>(E..-.E.r 

= 0. 

i.e. (E, + E,)2 - E, . 2 (E, + E,) 1 = 
(E, -1- E,) (R - -EJ = 
i.e. E; = E„ 
on rejecting the solution Ej -{- E^ = 0. 
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.•. the maximum power is obtained when the ex- 
ternal resistance is equal to the internal resistance. 

Alternative solution. — In problems of this kind 
when the denominator is more complicated than the 
numerator, we can often find the minimum value of 
the quantity more easily by finding the maximum of 
the reciprocal and vice versa, 

e.g.i = 1 ^^' + 2BA+ K' 






W 1 / - E,2 



dL 



i.e. R/ - E;^ = or E; = E,. 
To test whether this gives a maximum, differenti- 
ate again, thus getting 



4.(-§)_x 



= i {0 -BM- 2)/E,-n 

2E; 



E/V^i 
This is positive, therefore the above value is a 

minimum for =^ or a maximum for W. 
W 

5. Th^ regulations of the parcel post stipulate that 
a parcel must not exceed six feet in length and girth 
combined. What is the size of the parcel of the great- 
est volume that can be sent ? 

Let I be the length in feet of the parcel, then the 
girth or perimeter of the parcel Will be (6 - I) feet. 

Now if A is the area of the cross section, we have 
V = A . Z. 
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For a given perimeter the circle has a larger area 

than any other figure,* therefore V will be greatest 

for a given length for a right cylinder. 

Now A = irr^ 

-, perimeter 6-1 
and r = £ = — - — 

Stt 27r 



A 



(6 - l)^ 



i 



IT 



4,r ■ 

dV _ _1 d{mi - VXV- + ¥) ^ Q 

dl i-ir dl 

i.e. 36 - 2U + SZ^ = 

12-81 + 1^ = 

{I - 6) {I ^ 2) = 

.-.1=2 or 6. 

6 is clearly the length for minimum volume, .since 

the girth would then be 0. 

Therefore the length of the parcel is 2 feet arid its di- 

4 
ameter = ^ = 1-273 feet. 

TV 

The volume will be 7rr2Z = .n-x f-V x 2 = ? = 2-546 

\iv) IT 

cubic feet. 

6. (C) If the velocity of flow through a pipe is pro- 
portional to Jm for a given fall of head and m is 

* The mathematical proof of this depends upon the Calculus 
of Variations and cannot be given here. The fact will be 
familiar. For example, if the inner tube of a bicycle tyre is in- 
flated the pressure of the air inside will make the internal volume, 
and therefore the cross section, as large as possible before 
stretching the rubber ; the cross section becomes circular. A 
sphere is the surface of given area 'which"contains the greatest 
volume, as may be inferred from the shape of a soap bubble. 
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area Of water flowing ^ . ^ how full a circular 
wetted perimeter of pipe 
pipe should run to give a maximum discharge. 
Now flow per second = velocity x area 
= q = h Jm X A 

where P = wetted perimeter = ADB (Fig. 50 and 
fc is a constant coefficient. 




D 

Fig. 50. 

Now V = re 

A = area sector OADB - area AOAB 

r'^6 
= -g- - -1^2 sin e 

(Since the area of a triangle = ^ product of two 
sides X sine of contained angle.) 

= ~{e- sin 6) 

J. , /r'^ • (e - sin 6) r^ , . . ., 

This will be a maximum when 



V-, sin 6 ,n . „x 
1 - . (61 - sm e) 



IS a maximum, 
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i.e. when Oil- ?lE_?y is a maximum, 

\ e ) 



i.e. when 

de 



lHii55!]*=o, 



(i - ?™_^y 

^ V ) , /i _ sin 6)\f ^ ^ 

de \ e ) ' de 

d(l - ^^\ 

i.e.e.i.(l - ^JRj\i' A tl 

^ \ e ) de 

/-, sin e\i [ Ze f - e cos 6 + sin ^\ 

■U"-r) [?(: ? — -), 

or rejecting the factor ( 1 - ^^— ) ' 

e - sin e - il^ + 1-^^ = O; 
/, - sin ^ 

I.e. e = 



3 cos (9 

We cannot solve this equation by direct means so 
we proceed by trial, tabulating as follows (see next 
page). 

It is fairly clear that the pipe must be nearly full 
to give a maximum discharge, so we will start with 
e = 300°. We pass over the choice of trial values 
necessary to approach the neighbourhood of the 
correct value, and give a few trials close round it. 

*This is an example of the differentiation of a product (ef. 
p. 82). 

8 
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»°. 


sin 9. 


COS0. 


2 - 3 cos e. 


- sin« 


6 radians. 


2 - 3 cos 9 


300 
305 
307 
308 
810 


- -8660 

- -8192 

- -7986 

- -7880 

- -7660 


-5000 
-5736 
•6018 
•6157 
•6428 


•5000 
-2792 
•1946 
•1529 
•0716 


1^74 
2-93 
4-11 
5^14 
10-69 


5-238 
5-233 
5-358 
5-377 
5-410 



These values can be plotted, if the exact result is 
required, but it is near enough to take = 308°. 

(360° - 308°)\ 



Then depth of water = r (1 + 



= r (1 -f cos 26°) 
= 1-8988 r = -949 x diam. Ans. 
7. (M) The efficiency of a square-threaded screw or a 

worm gear is given by the formula -q = ■- -r, 

where u, is the angle of the thread and <f} is the 

angle of friction. For « given value of <j> find what 

angle of thread will give a maximum efficiency. 

tan a 
V 



tan (a + <^) 
The maximum value of i) is given by 



dr) 



, , . ,\ d tan a . 

tan (a + <^) — = - tan a 

da 



da 

d tan (a + <^) 
da 







i.e, 



tan^ (a + <l>) 
One possible solution of this is 



tan^ (a + <l>) 



= 



i.e. a + ^ = 2 

but this would make rj = and clearly does not give 
a maximum. Multiplying through by tan^ (a + <^) 
we get 
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tan (a + c^) sec^ a - tan a sec^ (a + <^) = 
sin (a + <^) _ sin a _ ^ 

" COS (a + <j)) COS^ a COS a COS^ (a + <^) 

Multiplying through by cos^ a . cos^ (a + ^), 

sin (a + </>) cos {a + <f}) - sin a cos a = 

i.e. ^ sin 2 (a + <^) - ^ sin 2 a = 

i.e. sin 2 (a + <^) = sin 2 a 

i.e. 2 (a + <^) = 180° - 2 a 

4 a = 180° - 2.<t> 

c. = 45° - ^. Ans. 
2 

8. (E) The force exerted by a circular current 

of radius a on a small magnet whose axis coincides 

with the axis of the circle varies as -, where 

(a^ + x'^y 

X is the distance of the magnet from the plane of the 

circle. Prove that the force is a maximum when 

X = ^a. 

Kx 
Here P = r, where K is a constant. 

{a^ + x^Y 

_ = will give the maximum value of F 
dx 

, , , „.\ dx d (a^ + x^)^ 

.: (a^ + x^y t- - x —^ — = '- 

dx dx 



{a^ + xY 



dx" 



{a' + x^f.l -x.i.{a^ + x'f-\^ =0 
(a^ + a;'0*{(a' + a;^) - 5 a;^ } = 



a 
or a; = + -. 
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The positive and negative results represent posi- 
tions on either side of the circle. 

§ 38.— Points of Inflexion in. General. — We 
have already mentioned points of inflexion in §§ 3, 
13, and 36. They are points such as F {Fig. 28) 
where the direction of curvature is reversed, i.e. 
where the curve is momentarily straight. It will 

be noted that the slope -^ diminishes (i.e. the tan- 
dx 

gent turns in a clockwise direction) as we approach 

P when it reaches a minimum value and then in- 

creases. Hence -=-^ = at a point of inflexion, but 

dy 

-T- does not vanish in general : the cases where it 

does vanish, i.e. when the point of inflexion has a 
horizontal tangent were mentioned in § 36. 
Taking the example already used (p. 100) 
y = 2x^ - Sx^ + 1, 
we have 

11 = 120.-6=0 
dx^ 

.•. the point of inflexion occurs when 

X = i- 
ExAijpiiE OF Point of Inflexion. — An engineer- 
ing formula in which the point of inflexion is of inter- 
est is Eankine's formula for mild steel columns and 
struts which may be written 
_. 6 

1+ -^ 
6000 

where c is the buckling factor (length divided by 

least radius of gyration for pin ends) (see p. 60, Ex. 2). 
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Expressing this. in general terms we have 

where a, b are constants. 

dfv ^ (1 + be") - a (26c) 
dc (1 + bc^f 

■_ - 2abc 
~ (1 + bcY 

^ = = - 2a6 t " 



dc' dc (1 + 6c2;2 

_ _ 2 . r l • (1 + bc'f - c ■ 2 (1 + be') . ^bc -l 
I (1 + be')* J 

„ , 1 + 6c'^ - ibc' o 7. 1 - 3&c2 

= - '"^ (1 + 6cT = - '''\lTWf 
Equating the numerator to zero, 
1 - 36c2 = 
or c = +1/ ^36 
The positive value is the only possible one 
1 



Veooo 



= V2000 



'6000 
= 44.7 approx. Ans. 
Compare this with the result obtained by plotting 
in Exercise II, 2. 

EXBBCISES 56. 

Further problems (mostly more difBoult) on maxima "and 
minima. 

1. Find the values of x which will give respectively 
the maximum and minimum values of 

2a,3 - 3x2 - 36,2; + 8. 

2. Find the maximum and minimum values of 

(^- - 1)^ 
{X + l)"" 



118 CALCULUS FOE BNGINBBES [CH. V. 

3. Prove that -5 — has a maximum, value when 



i. The efficiency of a Pelton wheel is given by the 

formula rj = ^ ~ — '-, where U is the velocity of 

the impinging water and v is the velocity of the 
vane. Find the maximum efficiency and the relative 
values of U and v at which it occurs. 

5. If the strength of a beam of breadth b and depth 
d varies as bd?, show that the strongest beam that 
can be cut out of a circular log of diameter D has a 
breadth of -577 D. 

6. In steaming against a tide, the resistance of the 
ship may be taken as proportional to the square of 
the velocity and the cost of fuel per hour is propor- 
tional to the product of the resistance and the velo- 
city. Find the most economical velocity relatively 
to the tide for going a given distance. 

7. In planning a bridge of several spans over a 
river, the cost of main girders for each span may be 
taken as proportional to the square of its span. Show 
that the most economical arrangement of equal spans 
will arise when the spans are such that the cost 
of main girders for each span is equal to the cost 
of each pier. 

8. The bending moment at a certain point at dis- 
tance X from one end of a beam of span I is equal 

to —^ - -gjj. . Find the maximum bending moment. 

9. The flow of steam through an orifice is pro- 

i / (y-') 

portional toarA/l-u. y , where u is the ratio 

of pressures on the two sides and y is a constant. 
Find the value of a to give a maximum flow. 

10. Divide the number 20 into two parts such 
that their product is a maximum. 

11. Find the least area of canvas that can be used to 
construct a conical tent of cubic capacity 800 cubic feet. 
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12. If a triangle has a given base and the sum of 
the other two sides is given, show that the area is 
greatest when these two sides are equal. 

13. A rectangle of sides x, y has four square 
corners cut out and the sides turned up so as to form 
a rectangular box. Show that for the maximum 
volume the depth will be -j (a; + y) - Jx^ + y^ - ooy)- 

14. Find the height of a cylinder which is cut out 
of a sphere of radius E to give the maximum curved 
surface to the cylinder. 

15. The efi&ciency of a certain hydraulic motor 
is given by 



V {\] - v) 



2 \v V) 



W 

% 
where v is the variable. Prove that the maximum 
efficiency is attained when 

2v^W - iv^JJ + gtW + gtv^ = O. 

ANSWBES TO BXBECISES. 

5a. 

1. 26f at X = 2^. Maximum. 2. 2 at a; = 0. 
3. - 653 Jd. 4. 21-125. 5. Half the area of the A. 
7. Maximum at x = 1; inflexion at x = 2. 

9. 2am. 10. y. 
4 

5b. 

1, Maximum when x = - 2 and minimum when 

x= +3. 2. 1; 0. 4. 1; t) = 5. 6. l^times 

the velocity of the current. 7. If P = cost of each 
pier, n = number of spans, I each span and L = 

total span and cost each span = a . f — J , there are 
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(n - 1) piers, therefore total cost = (m - 1) P + na P 
— ( — ^~\ P + LaZ. Then dififerentiate with re- 
spect to I. 8. -128 m. 9. a = (-^) '' " ^ 

10. 10 and 10. 1 L 361 square feet. 13. Let « = 
height which will be the Side of each square corner 
cut out, therefore dimensions of base of box will be 
X - '2z, y - 2z and volume z [x - 2z) {y - 2z). 
Differentiate with regard to z and equate to thus 
getting a quadratic equation with the required solu- 
tion. 14. 1-414 E . 



CHAPTBE VI. 

SYSTEMATIC INTEGBATION. 

§ 39. — Integrals. — We have already discussed in- 
tegrals from the graphical poii)t of view in Chap. I, 
§§ 6, 7. We will now resume this discussion. Let 
us suppose y to be given in terms of x ; suppose, for 
instance, 

y = x^ 
We can then determine the slope of y, 

ax 
Conversely, if we started with 
2/i = 3a;2, 
then x^ would be the indefinite integral * of y, and 
we should write 

f \ydx = I'^xHx = x^. 
Graphically we should say that 
y = 3a;2 
being the derived curve oi y = x^, it follows that 

y = x^ 
is the sum curve ot y = 3x^. 
Integration then is the inverse process to differ- 

* We call it " indefinite " because it is tbe general expression 
for the integral ; in any given problem we have a particular or 
"definite" integral determined by the special conditions of the 
problem (see later). 

+ Bead this integral ydx. 

(121) 
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entiation. To integrate any expression ^eans to 
answer the question : what other expression differ- 
entiated will give this one? Although graphically 
integration is simpler and more satisfactory than 
differentiation, analyiaeally it is very much more 
complex and difficult. The processes of differentiation 
and integration are related to each other exactly in 
the same way as multiplication and division. We 
know that 72 -i- 9 = 8 because we remember that 
8x9 = 72. It will be noted that whenever we dif- 
ferentiate an expression, we learn an integral, e.g. by 
differentiating x^ we learn the integral of 3a;' ; this is 
almost our only method of integrating ; and in fact 
for many expressions, the integral cannot even be ex- 
pressed at all in terms of the three catagories of laws 
dealt with in Chap. II. This is the case for example 
with 

J vi-PBin^^ ^"^S^'^'^^' 
both of which arise in some problems. 

On the other hand, the integration of a large 
number of simple expressions is easy enough, and 
this is so with the greater part of those occurring in 
a course of engineering. 

In the first place we can make a table of standard 
integrals from our list of standard differentiations in 
§32. 
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LIST OF STANDAED INTBGEALS. 



\ydx 



1. 


a;" (except n = - 


-1) 


■ W + 1 


2. 


1 




. log a; 


3. 


sin a; 




. - cos X 


4. 


cos X 




. sin X 


5. 


tan X 




. log sec X 


6. 


cot a; 




. log sin X 


7. 


sec a; 




■ logtang + l) 

\ cos a; / 

_log( «osa: ; 

\1 - sin a;/ 


8. 


cosec X . 




. log tan 1 


9. 


sec^ X 




. tan a; 


10. 


- cosec^ X 




. cot X 


11. 

12. 


i/Vi-i»^ . 

1/(1 + a;2) 


. sin-i a; 
. tan -la; 


13. 
14. 


1/(1 -aj2) . 






15. 


log X 




. a; log a; - x. 



Some of these do not occur in the table of differ- 
entiations, but all are important, and the student 
should endeavour to learn them by heart. All should 
be verified by differentiation. 

Arbitrary Constant. — The differential coefficient 
* jdx means j 1 dx and is x. 
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of a constant is zero. Hence if any arbitrary con- 
stant be added to an indefinite integral, it will still 
do equally well. Hence to all the indefinite in- 
tegrals which we obtain an arbitrary constant G 
must be supposed to be added. Thus the general 
form for 

ix" dx is - — + 
re+1 

This point is well brought out by a diagram 

(Fig. 51). The. effect 
of adding a constant 
C to an expression 
is to raise the graph 
through a height C, 
as in the curves 
shown. The two 
curves, however, 
have everywhere the 
same slope and there- 
fore the same slope 
curve, and the two expressions of which these are 
the graphs will be integrals of the same expression. 
The student can now determine a number of in- 
tegrals for himself. Thus to integrate [x^ + 1)> we 
see at once that this will be obtained by differentiat- 
ing {\x^ + X + C). 




Pig. 51. — ^Effeot of adding a 
constant to an expression. 



BxEEOISES 6a. 

Evaluate the following indefinite integrals : — 
l.l(x+l)dx. 2.\{bx+a)dx. ^.\(ax^ + bx + c)dx. 

- \% - p.- - r^>- 

7. S(l-oos2a!) dx. 8. Jtan^ xdx = \{aQ(i'^ x-l)dx. 
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9. S(A sin mx + B cos mx)dx. 10. 



f dx 
Jl + aV 

§ 40.— Definite Integrals. — There are two aspects 
of integration : it first appears as the inverse process 
to differentiation, and then as a summation. We 
come now to the second aspect, and we shall after- 
wards establish the connexion between the two. 
Consider the curve (a parabola) 
y = Jx = xi 




y = x^ = Jx 
Fig. 52. 

Let NP be any ordinate, where ON = x, and let 
us try to find the area between the curve OP and the 
abscissa ON. 

Divide the abscissa ON into a large number n of 

equal parts ONj = NjNa = N^Nj = . . . = ^. 

Draw the corresponding ordinates NjPj, N^Pj, NjPg 
. . . and draw PxKj, PgKj, . . . parallel to the 
a;-axis. 

Then the sum of the rectangles NjKj, NjE^, 
... is less than the area under th& curve but ap- 
proaches it in value, the defect being the sum of the 
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triangular pieces ONjPi.PiKiPg.PgKaPj. . . . If the 
number n of slices into which we cut the area is 
increased the approximation will become closer, for 
the triangular pieces form a vanishing area bordering 
the curve. 

So that when n is sufficiently great, the error is 
below our limits of accuracy, and the sum of the 
rectangles becomes the area under the curve. 

The quantities - may be considered as increments 

in X and written Sx, while 0, NjPi, NjPg . . . being 

successive ordinates may be written y„ = 0, y^ y^. . . . 

Thus the area under the curve is ultimately equal to 

2/iSa3 + y^^x + y^hx + . . . 

Using the symbol S to mean " the sum of all expres- 
sions like," the area 

X = X 

= SySx, 

X = o 

the extreme values of the abscissa being indicated 
below and above the S. When n is sufficiently great 
for the limits of accuracy to be surpassed (i.e. the 
error of the approximation is less than the errors of 
calculation, measurement, etc.), we lengthen the S : 



Area 



■ I yd^t 



" the integral of y from o to a; ". 

We can suppose that we take the area for different 
values of the variable x, and then A would have an 
expression in terms of x. Let us consider what ex- 
pression this is. 

Let us consider a small change in A 
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SA 



So that 



= area NMQP 

= rectangle NMLP (approx.) 

= NP X NM 

= yhx. 



8A 

8a; 



(approx.) 



= ^ (exactly). 

So that A is an expression which when differen- 
tiated gives y (or x^), i.e. A is an integral of y =^ xK 

Eeferring to our table of integrals (No. 1, p. 123) 
we see that 




y = xi = l/x. 
Fia. 53. ■ 



jci+i 



+ C = fa;i+ C. 



i + 1 

But we do not yet know what value of C must be 
taken. To find what value C has in this particular 
case, note that A = when x = 0, and substitute 
= § 0? + C, i.e. C - 0. 
Thus 

A = ^xi = ^ xy i.e. f x rectangle ON x NP 
Suppose we wished to find the area of a different 
section say between x = a and x = b 
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Then area up to A = f a^ + G (retaining C for the 
moment) and area up to B = | b^ + G. Hence 

area ABQP = \ydx = (§ 61 + C) - (f a? + C) 

J a 

So that C disappears and any indefinite integral 
could have been taken. This is why we have not 
put in the arbitrary constants in the list of standard 
integrals. 

These integrals with upper and lower limits are 
called definite integrals, and to find a definite integral, 
first find the indefinite integral, then substitute in it 
the upper and lower limits, and then subtract the 
latter result from the former. 

In practice the definite integral expresses a re- 
sult under definite specified conditions, while the 
indefinite integral expresses the same result when 
the conditions are not specified. The former, for 
example, might be the distance covered by a moving 
body starting from a given point, the latter the dis- 
tance covered from any starting-point. 

The following are , examples : note the square 
bracket flotation : — 

f x"dx = T— T = -^ - ^^ 

J» .\: :Ln + lJa':: n+1 n + 1 
S^ e* dx = [e']l = e' - e" 

l2sin a;da; = - cos x\^ = ( - cos „)- (-oosO) 
= 0-°(-l) = l 
[tan -laj]! = tan-i 1 - tan-i 



1 dx 
»1 + x^ 
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= ^ = -785. 

Note. — We have supposed that the divisions Sx were all 
equal : the value of the integral is not altered if they are not 
all equal, provided only that they all become indefinitely small. 
The proof of this is too dififioult to insert here. 

ExBBCISBS 6b. 

Evaluate the following definite integrals : 



dx 



I. x^dx. 2. dx. 3. 2 {i + x) 

Jl J" Jio 

r+i. t^ dx f 6 

4. (x-x^)dx. 5. ~^. 6. Cix+Sfdx. 

r dx r, P dx ^ fll . o , 

7. 1 , o. r— — -„. 9. 1 2 sin'' X dx. 

10. psec^ x dx. 

§ 41. Applications of Integrals. — Applications 
of both indefiuite and definite integrals are very 
varied and numerous. We shall discuss several in 
some detail in the next chapter. But we will give a 
few instances here. 

Consider again the nature of an integral. We take 
the values of a dependent quantity y for a whole 
sequence of very near values of x, we multiply each 
by the corresponding increment and we add. Any 
quantity z which is obtained from another y in this 
way is an integral, and the area of a curve is only 
a special case. 

1°. Mass of a Eod op vaeying Density.— Let the 
length of the rod be 1 ft., and let its density p, i.e. its 
mass per unit length, at any point be proportional to 
the distance from one end, and be 3 lb. per foot at 
the other end. 

9 
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The density at distance x from the front end = 
_ X 3 = 3a;, so that p = ix. 

Suppose the rod to be divided into a number of 
equal parts of which 8a; is one. 

Then the mass of this part = phx (approx.), and 
the whole mass is 

S^jSa; (approx.) 



I phx (exactly). 
I pdx =1 3 a; 



So mass = | pdx = | Z x dx 

3 



=H']:- 



a'"- 



2°. To Find the Velocity at any Instant .4nd 
THE Distance fallen through by a Body falling 
FREELY under GRAVITY. — The body is dropped from 
a given point, and moves with a uniform accelera- 
tion = 32 feet per second per second. 

If X is the distance it has fallen in time t, then the 

velocity is -^ and the acceleration 

Now — is the quantity which, when differentiated, 
dt 

gives 32. So 

dx 
~dt' _ 

= 32«. 
Similarly x is the integral of the yelocity 



'=\ 32 dt =[32t]\ 
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32tdt 






32 



= 16 t\ 
g 42. Reduction to Standard Form.— So far 
we know the fifteen integrals given in the standard 
list of § 39, and such others as we may arrive at by 
differentiation. We can obtain the other integrals 
by reducing them to standard ones by various means. 

Simple Cases. 

1°. Multiplying by a Constant. — Looking at an 
integral from the summation point of view we see 
that the integral of a times y = a times the integral 
of y, i.e. \aydx = a\ydx. 
For example 

\a sin xdx = -a cos x. 
2°. Multiplying the Argument * by a Constant. 
— We will find the integral of sin bx, 
Jsin bx dx. 
It is clear that an increment in bx' 

Sbx = bSx. 
If then in the sum we replace each increment 8x 
by 8bx, we shall be multiplying each element and 
therefore the whole by b. Hence 

I sin bx dx = tP''^ ^^ d{bx) 

= - ( -- cos bx) 

= - - cos bx. 
b 

* The argument of sin a? is x, of sin bx is bx, and in general 
of f{x) is X. 
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3°. Addition op Constant to Aegument. — Con- 
sider the integral of sin {x + c). An increment in 
(x + c) is the same as an increment in x, viz. 8x, 
i.e. 8 {x + c) = 8x. 
Hence 

Jsin {x + c) dx = Jsin (x + c) d (x + c) 
= - cos {x + c). 
Gombining 1°, 2° and 3° 

I a sin [hx + c) dx == a . —\ sin (fix + c) d (bx + c) 
= - - cos {bx + c). 



To take another example 

\a''dx = S (e>»s.«)^ia; 

= ^L La^logea^ (a; loe,a) 
log„aJ 

_ -^ ga;logea 

log.a 

And another 

Slogiocc cZa; = K^ogioe x logeS;) (^a; 
= logioeSlog„a;«ia; 

because logj(,e is a constant 
= logioe {x log,a; - x) 
= a; logjoe log,a; - x log^e 
= a; logioa; - x log^e. 
4°. The Integeal op a Sum is the sum of the 
corresponding integrals. Thus 

S(a;2 + 3a; + 2) da; = ^x^dx + 3\xdx + ^dx 

= ^ + 3^ + 2x. 
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5°. Transformation OP "Integrand". — Consider 
the following cases : — 

(1) \{x + ly dx = S(a;2 + 2ic + 1) dx 

= \x^dx + 2\xdx + \dx 

= ^{x^ + 3x^ + 3x). 
This may also be done as follows by 3° : — 

l{x + If dx = \{x + If d{x + 1) 

= I (ics + 3x^ + 3x + 1). 
Observe that these two integrals of the same ex- 
pression differ by a constant, viz. J. This does not 
matter as they are indefinite. 

(2) Jsin^ xdx = J^ (1 - cos 2x) dx 
= -J \dx ~ -J 5 cos 2xdx 
= i Idx - l\ cos 2x d (2a;) 
= i ^ - i sin 2a; 
= -J (fl3 - cos X sin x). 

6°. Partial Fractions. — To integrate :„ 

1 - x^ 

we may write 

1 =^ 1 .,._J^ . - . (1) 



1 - X^ 1 - X 1 + X 

Then 



Jr^^^ j[*r^^^*l + a;] 



+ X 

dx 



X + 1 

X + 1 



= - i log (a; - 1) + ^ log {x + 1) = log ->/• 
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To effect, the transformation (1), write 
1 A ^ B 



1 - X^ 1 - X 1 + X 

where A and B are "undetermined, coefficients". 

Multiply up by 1 - x^, then 
1 = A (1 + a;) + B (1 - .cb) . . . (2) 
Putting «=!,! = 2A, and A = ^. 
Putting a; = - 1, 1 = 2B, and B = i. 
Or we may " equate the coefficients " on the two 
sides. Thus (2) is 

1 = A + B + (A - B) a;. 
Hence 1 = A + B, = A-B, 
whence, as before, A = B = -J. 

§ 43. — Transformation of Independent Variable. 
— This is the most useful method for reducing to 
standard form, and depends upon the " function of a 
function " formula. If y depends upon z and z de- 
pends upon X, we have (§ 27, 4°) 
dy _ dy dz 
dx dz ' dx' 
Suppose we have an expression in z which we 
wish to integrate, say, 

dy 

Then our integral is 

y = IVidz. 

But we may not be able to integrate this and so 
find y. We may then use our formula which gives 
us the slope of y with respect to another variable x ; 
for we have 



idx ]d 



»=i?^-i-i*. 
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that is to say an integration in terms of x instead of 
z ; and this new integral we may be able to find. 

Suppose we wish to integrate - (one of our 

standard integrals). 
We want then 

f dz 



J Jl - z' 
Put z — sin X. The integral 

f ^^ = f J_ dz 



dx 



Jl - z-^ } ^1 - ^^' dx 

1 

cos X dx 



= 1 



Jl - z^ 

' .0.x dx 



J ^1 - sin^ X 
fcos X 



J cos 



X 



dx = \dx = X. 



(Note that when integrating with respect to x we 
must put everything in terms of x.) 

But we want our integral in terms of ^ : we have 
then 

integral = x = sin-^ «. 

The general formula may be written 

and therefore it comes to replacing 

dz by ■£ dx. 
This is in reality only the formula for a small varia- 
tion, Sz = -^8x. 
dx 

It will be asked how we arrive at the particular 
transformation 

z ^-- sin X. 
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How do we know this will enable us to perform 
the integration ? We do not know. We can only 
make trials of likely transformations until we arrive 
at the right one. But a little experience will soon 
put us upon the right track. It may be remarked 
that a radical like 

may be reduced by putting z = sin x, and similarly 
for 



Jz' + 1 we put z = tan x 
Jz^ - 1 we put z = sec x. 
The formula may often be applied from the op- 
posite point of view, i.e. we can regard our original 
integral as having the form 
dz 



1' 



^-^ dx; 
dx 



and put it into the form 

mdz. 
Examples : — 



note that 
So we have 



gxdx: 

1 d log X 



X dx 



flog xldx= flog x^^^dx 
J X ] ° dx 

= I log a; d\ogx = \ (log xf 

(by standard integral No. 1). 

(2) \x sin x^ dx = -J^sin x^ . 2xdx 

{2xdx = dx^) 

= -^Ssin x^dx^ 
= - |- cos x^ 
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(by standard integral No. 3). 

(3) ftan xdx = [^^^ 
J J cos a; 

( - sin xdx = d cos x) 

d cos X 



-I" 



cos X 
= - log cos X 

= log = log sec X 

° cos X ° 

(by standard integral No. 2 : this is No. 5). 
§ 44. Integration by Parts. — This method de- 
pends upon the product formula in differentiation 
(§ 27, 2°). 

~^^ ~ ^'^ ^ ^' dx- 
Rearranging 

y dy2 ^ dy^y^ _ y %,_ 
^ dx dx ^ dx' 

Now integrate both sides of this equation. 

^y^d^ dx = y,y, - ^y,^ dx 

[which may also be written (see last §) 

S2/i%2 = 2/i2/2 - 'iVidyj}. 
To take an example consider 

Ja; cos X dx ; 
cos X is the differential coefficient of sin x. So we have 

f J c d sin X J 

\x cos X dx = \x — - — dx 

' ' dx 

= X sin X - ^sin x ^r- dx 
' dx 

= a; sin a; - Jsin x dx 

= X sin X + cos X. 

The original integral is put in terms of another 



138 CALCULUS FOE BNGINBBRS [CH. VI. 

which can be integrated. This method is useful 
when we have x (or x^, x^, etc.) multiplying an in- 
tegrable expression. The formula may be applied 
several times. Thus to integrate 
Ja;^ cos X dx = \x^ d sin x 



= a? sin X - Jsin x .'X x dx 
= a? ■sm.x - 2 \x sin x dx 
= «'■' sin flj - 2 ( - a; cos x + sin x) 
= x^ sin X + 2x cos a; - 2 sin x. 
Another example is 

Jlog X dx : 
here we take 

Vi = log x,y^ = X 
then J log X dx = X log x - \x . d log x 

= X log X - \x . - dx 

' X 

= X log X - \dx 
= x log a; - a;. 

BXEECISES 6c. 

Evaluate the following integrals, hints being given 
in many cases as to the method to adopt : — 

1 r^^. 2. f-Ji=. 3. f-^ix,sub- 
i 2a; 4 ] J2x +6 J a;^ + 1 

stituting z = x^+l. 4. j'^2^^. working by par- 

5a; — 7 

tial fractions. 5. f-^ ~— ^ ^ da;, working by 

J (a; + 1) (2a; - 1) 

partial fractions. 6. f— _^_, putting a; = r tan 6. 
^'^^ 8. [—^5 2, by partial frac- 



7. 



r^ + a;^ 
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tions. 9. /- -:t,. 10. I — putting « = a;'^. 

-■ (x - 1)'' J x(l + x^) " ° 

11. ( ^^^ putting z = x\ 12. [ '^^ 
Jx* -l"^ ^ J ^rf3^4 

13. Isin^xdx. 14. \cos^ [rx+b). 15. Jsin^ajcosaitia;. 
16. I cos^ a;(ia;. 17. Ix cos ajda;, by parts. 

18. Jk sin X cos asia;, by parts. 19. I ««<■ lia;, by parts. 

f dx 

20. ^a; sec''* xia;. 21. I 3^,, putting x = tan ^. 

■' (1 + a;'')'' 

J! i- ^, r^ a;(^a; „^ r^ a;da; 

fractions. 24. / ,^ „ . 25. / ,., , ^ 
' . VI - a;2 J „ 71 + a;2- 



26. f-^^. 27. f^^^. 28. N(\^)dx, 

-' 1 7« - 1 J ,,1 + cos ^ ^ Vl + a;/ 

by putting x = cos S and simplifying. 

29. Jy^~ 2, putting ^ = (2a; - 1) 30. ^ta.n'^xdx. 



ANSWERS TO BXBECISES. 

ExBECISES 6a. 

I. -^ + X. 2. -r^ + ax. 3, -^ + —- + ex. 
A A o A 

4r.2jF.' 5.:^,. 6.a; + 2 1oga;. 7.x-^^. 

8, tan X - X. 9. mA cosma; - onB sin ma;. 

10, Itan^. 



EXEECISES 6b. 

1. 21. 2. 1. 3. 380. 4. 0. 5, 1. 6. ^ 

7. -. 8. -. 9, -. 10. infinity. 
2 4 4 
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BxEBOISES 6c. 



1. i log {2x - 4). 2. J{2x+ 6) 

3. i log {x^+1). 4, ^ log f^^l^Y 5. 4 log {x+1) 
2a \x + aj 

+ ^log (20.-1). 6.-,-^====. 7. ilog- ^ 



8. \ log f+J. 9. log (^ - 1) - -^. 
1 - a; ° ^ ' X - \ 

a; 1 

13, A a; - 1 sin 2a;. 14. - + -— sin {nx + i). 

2 4w ' 

15. — = — . 16, -. 17, sin a; - a; cos aj. 
o A 

, o sin 2a; x cos 2 a; , „ / \ " 

lo, — - — • 19. a{x - a)ei. 

8 4 . K , 

20. a; tan a; + log cos a;. 21. \'wa.-^x-\-\ ^ 

'(1 + x'') 

Tl, I »S - a; + 2a;i - 2 log (a;i - 1). 23. i log \'^ ^ 

- i tan-1 a;. 24. 1. 25. ^2 - 1. 

26. log (2+ VF). 27. 1. 28. sin-ia;+ V(]T^. 

29- - o,„ "*• -,, - 30. tan a; - a;. 

2(2a; - 1) 



CHAPTBE VII. 

APPLICATIONS AND DEVELOPMENTS OF INTEGRA- 
TION. 

§ 45. — We will now consider some of the simpler 
problems in engineering work in which integration 
arises. We wish here again to emphasize the fact 
that all integration is a matter of practice and ex- 
perience, and in some problems we may get expres- 



Pi 





v^ 




1 


. „ 


F- 



Vl 



Fig. 54. 

sions to integrate that we cannot work out without 
very great trouble. When such an integration occurs 
we can always get a result which will be approxi- 
mately correct by plotting against the variable the 
expression that we wish to integrate, and finding the 
(141) 
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area of the resulting figure by planimeter or other- 
wise (Chapter I). 

§ 46. Work done in Engine Cylinder. — Suppose 
that we have a steam or other heat engine in which 
gas or vapour is admitted at constant pressure pi up 
to a point B where it is cut off (Fig. 54). It then 
expands to a point C, and is then exhausted at 
constant pressure p.^. 

Taking unit area of piston, the pressure represents 
the force on the piston and the volume represents the 
position in the stroke from the beginning. We have 
shown already (p. 19) that the work done is equal 
to the area of the diagram of force plotted against 
distance. 

. •. work done = area ABCD 

= area (ABFO + PBCB - ODCB) 



= Pi'"i + 



I 'pdv - 

J VI 



Now in most gases the expansion can be expressed 
by the law pv" — constant = k. 

Cdv 



■■h=f*=f 



=f 



-"dt) = 

■ -n+1 

kv _ pv 

(1 - n) V" ~ (1 - n 



' pdv = 



PiV^-p^ 



_ p-^v-^ - p^^ 
{n - 1) 



(1 - n) 

Adiabatic Bxpansion. — In this case n, in the 
equation pv'^ = A; is y, the ratio between the specific 
beats at constant pressure and volume respectively. 
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,. [' pdv = PpJl^. 
J .■: (r - 1) 

.-. work done = area ABCD 
7-1 

= (pa - P2>^2) f 1 + 



y - 1 

Isothermal Expansion. — In this case w is 1, i.e. 
pv = k, .■.p^V:^ = p^v^. 

Our expression - ^i i ~ "2 2 then becomes — which 
(w - 1) 



IS ■ 

We must therefore go back to the integral which 
gives 

\pdv = k\— = k logj V. 

.-. -pdv = k (log, 1)2 - log^Vi) = fclog„-^ .* 
in ^l 

The quantity -? is commonly called r, the ratio 
of expansion. 

pdv = k log, r = j?j«j log, r. 

J VI 

■. work done = area ABCD 

= PiOi + PiVi log, r - p^v^ 
= Pi'"i log.'^ (since j^i^i = p^v^). 
§ 47. Mean Values. — Let the diagram represent 
a varying quantity y. Construct a rectangle OBTS 
having the same area as that under the curve. Then 

* Beeanse the logarithm of a quotient is log. dividend - log. 
divisor. 
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OS, ths height of the rectangle, is the mean value of 
y between the limits and B. 



y 


y — "^ 




S j^ 


\^ 


T 


L 




K 







B 



Fig. 55. 

Let OB = a ; then the area OBKPL = I ydx. 

Hence 

If" 
the mean value of y = -I ydx. 



\iy = the mean value, then ay 



= yia. 



Examples : — 

1°. The mean value of sin x between a; = and 



If" If "1"' 

- 1 sin xdx = -\ - cos x 

Tj „ TT L Jo 

= -t(-(-l)-(-l)) 



= - = -637. 

■K 



2". In the last article (§ 47) the mean pressure of 

the fluid between A and C will be ■ \ ~ -^^^ f and 

^)^ {n - 1) 



§48] 



CENTEES OP GRAVITY 



14S 



between B and C will be . ^'"i . -^^^'^ 



§ 48. Centres of Gravity. — First Moments. — 
Taking two co-ordinate axes OX, OY in a plane, 
suppose that particles of matter w^, wij, wig, . . . are 
situated at the points Pj, Pj, Pg. . . . 



P2 



y* 



,.P3 



Fig. 56. 

Then the first moment of the particle m^ about the 
axis OX is 

and the first moment of the system m^, Wj, Wj, . . . 

is the sum of the first moments of the particles taken 

separately, 

first moment of system about OX 

= mj2/i + m^y^ + m^y^ + . . . 
Similarly for the first moment about any other 
line, for example about OY we have 

m-fX-^ + m^x.^ + m^x^ + . . . 
Centbe of Gravity. — Suppose now that the 
whole mass 

M = Wj + m2 + Wg + ... 

is concentrated at a point G, such that the first 

10 
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moments of M at G about OX and about O Y are 
equal respectively to the first moments of the system 
about OX and about OY. If the co-ordinates of G 
are {x, y), then 

Ma; = mjKj + m^x^ + m^x^ + . . . (about OY) 

and 'M.y = m-^y-y + m^y^ + m^y^ + . . . (about OX). 

Then it can be proved that the first moment of M 

at G and the first moment of the system, about any 

other axis are also equal. So that as far as first 



Fig. 57. 
moments are concerned, the whole mass may be sup- 
posed concentrated at its centre of gravity. 

In particular th^e moment of the system about any 
axis through G is zero. 



Y 

o X 



Fig. 58. 
[Example : the centre of- gravity of a mass of 2 lb. 
at A and a mass of 1 lb. at B is on AB and divides 
it so that 2 AG = GB.] 
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§ 49. Continuous Bodies. — Continuous bodies 
may be supposed to be divided up into a large 
number of small parts as in Fig. 58, each of which 
may be treated as a particle. If we call each part 
8m (an "element of mass "), then the co-ordinates of 
the centre of gravity may be determined as before by 
the equations 

Ma; = XjSm + x^tn + x^m + . . . 
My = y-^m + y^m + y.^m + . . . 
approximately, or by 

Ma; = \xdimi, M.y = \ydm. 
In some elementary cases the position of G may 
be inferred from symmetry. Thus for uniform plates 




in the shapes of a square, a parallelogram, or a 
circle, it is clear that the centre of the figure is also 
the centre of gravity. 

Again take a uniform triangular plate ABC ; divide 
it up into thin rods such as PQSE parallel to the 
base BC. Then the median AD bisects each rod, 
and hence passes through the centre of gravity of 
each rod. Hence the triangle may be replaced by a 
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number of particles placed along AD, and G must 
lie in AD. Similarly G must lie in each of the two 
other medians and must therefore be their point of 
intersection. And hence G is a point on DA, one- 
third of the way along it. 

Cbnteoids. — In dealing with areas we often want 
to find the centroid, i.e. the point in the area which 
would be the centre of gravity of a uniform plate of 
the same shape as the area. In this case we proceed 
exactly as before, replacing mass by area in the ex- 
pressions. In this case the formulae become 
Aa; = ^xda, Ay = lyda 
where A = total area of body 
da = element of area. 



■ e 

/ 6 ^-^ \ 



A O B 

Fig. 60. 

§ 50. Examples. — We will now take a few cases 
of centres of gravity and centroids in which integra- 
tion is useful. 

1°. A Unifoem Semiciecdlae Plate. — In the 
figure (Fig. 60) it is clear that G must lie upon the 
symmetrical radius 00. 

Let OG = 2/; and suppose we cut the semicircle 
into rods such as PQR8, parallel to the base AB. 
Let y = 01 an4 let the radius be a. Then the 
thickness of a rod is 8y, and its length 
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TQ = V( OQ-^ - OT ^) = Ja^ - y^ 
Its mass = 2p Jd^ - y^ . 8y, where p = the mass 
of unit area. The first moment about AB 



Hence 



= 2p J a? - yHy X y. 
'^y = 2 p Ja^ - y'^'ydy 

Jv=o 



= p\ Ja^ 



t ■ 2 ydy 



= P 
= P 



J-'-f-'^.dy* 



Ja^ - y^ dy^ 



= - P 






a^ - y')i d {a^ - y^) 



= - P 






= - P (0 - f a^) 



But M = p . ^ ,ral 



= f pa'- 




Fig. 61. 



Hence 



OG = y = - 



I pa' _ 4« 



irpCi^ 



2*". A Paeabola. — Consider next the parabola 
* This is an example of the method explained in § 43. 
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2/^ = 4 ax, and take the area' between the curve and 
the axis of x. 

Area of curve = \ydx = 1 2 a^x^dx 



= 2a^ [ xidx = [2 a* . I a;f 



o 



= I a»Bf . 



Now 2 aJBi = H. 



2 
.'. Area of curve = - BH. 

o 

First moment about OY = \xydx = 2 ahidx 
= 2a'^{^xidx = h a^'.lxiT 

.•. distance of centroid from OY = ^,,_,-r, = p B. 

|BH 5 

To find the distance of the centroid from OX, note 
that the centroid of each strip is at its middle point. 
Hence first moment of strip about OX 

= 1 I . ydx = i\ i axdx 

= 2a{^ xdx = 2a [^T = aBl 

.■. distance of centroid from OX 

= «B^ ^ aoB ^ _3 H2 ^ 3H 

~ I BH 2H 2H ■ T 8 ■ 

SuBFACES OF Eevoldtion. — The following rules 

with regard to surfaces of revolution (i.e. surfaces 

generated by revolving a plane curve about an axis), 
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commonly known as the "Theorems of Pappus," 
follow directly from the consideration of centroids. 

1. The volume of a surface of revolution is equal 
to the area of the surface multiplied by the length of 
the path of its centroid. 

V 




2. The surface of a surface of revolution is equal 
to the length of the generating arc multiplied by the 
length of the path of its centroid. 

3". A Unifoem Bight Cieoulab Cone. — In our 
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general discussion, we considered only flat plates. 
The extension to solid bodies is easy, but here we 
must consider first moments not about axes but about 
planes. 

Let OV be the axis of the cone, V being the vertex : 
and let any distance measured along the axis VS = z. 

Cut the cone into slices such as PSE of thickness 
hz, parallel to the . base ABC. Then the centre of 
gravity (S) of each plate lies on the axis VO, and 
hence the centre of gravity G of the cone lies on VO. 

Suppose then the mass of each plate to be con- 
centrated at its centre of gravity, and take moments 
about a plane through V parallel to the base. 

If a = radius of base, 
h = height OV, 

p = mass per unit volume (density), 
then 

the radius of a plate = SE = OC ^ = a ? ; 

VO h 

/ ^\^ a^ 

the area of the plate = 7r(a-) = -n- ^ z'^ ; 
\ hj h^ 

.•. its mass = IT y^ e^Szp. 



■. The first moment 






-i 



■ p ^' • ^ • p8^ 



And the mass of the cone 

= \ area of base x height x density 



= ^^a:'.h.p = "^Pa^h. 
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Hence 






!^a%.VG = ^aW 


Or 


, VG = f /i = f VO. 
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§ 51. Moment of Inertia and Radius of Gyra- 
tion. — Definition. — The moment of inertia or second, 



Fig. 64. 



Fig. 63. 

moment of a particle m, situated at P about an axis 
or line AB is 

mFW = my^, 
where y is the perpendicular distance of P from AB. 



IM 



Fig. 65. 

The second moment ' of a particle m at P about a 
point or axis through perpendicular to the plane 
of the paper is 

m . OP^ = mr^ 
This is often called a polar second moment. 
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The second moment of a particle m at P about a 
plane is similarly 

mPM^ = mz'', 
where z is the perpendicular distance of P from the 
plane. 

The second moment of a system of particles is the 
sum of the second moments of the particles taken 
separately. This applies equally to a continuous 
solid body which can be supposed sub-divided into 
a large number of small parts each of which is to be 
treated as a particle. 

The polar moment of inertia of a wheel, of radius 
a and mass M (the mass of the spokes and axle being 
neglected) is clearly Ma^, every point of the rim 
being at the same distance from the axis. 

Moment op Inbbtia op an Area. — ^Although an 
area has no mass and can therefore strictly have no 
inertia, the second moment of an area, i.e. the sum 
of the products of each element of area by the square 
of its distance from a line or axis, is of great import- 
ance in a number of problems upon beams and shafts 
and is usually called the moment of inertia of the 
area. All the properties that we prove for masses 
apply equally well to areas. 

Eadius of Gyration. — In the same way that in 
considering first moments of bodies or areas we can 
regard the whole area as concentrated at a point 
called the centre of gravity or centroid, we can also 
in dealing with moments of inertia regard the whole 
area as concentrated at a point which we call the 
secondroid which will depend upon the axis taken. 
Then the distance of this point from the axis or line 
about which moments have been taken is called the 
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radius of gyration about the axis and is given the 
letter k. The value of k can be found only by the 
relation 



Mfc2 or Afe2 = I 

T 



i.e. k = 'V-— or 



VI- 



The first form is used for solid bodies and the second 
for areas. 

The radius of gyration is a very important quantity 
and comes into a very large number of problems in 
coQstructional design as well as in problems dealing 
with rotating and vibrating bodies. 

§ 52. Two Properties of Second Moments. — 
1°. {a) Consider the second moments of a system : — 




Pia. 66. 

(1) about an axis OX, 

Ix = mi2/i2 + m^y^^ + . . . 
= ^my^ 
(where S means " the sum of terms like "). 

(2) about a perpendicular axis OY 

ly = m^Xj^ + m^x^ + . . . 
= ^mx^. 

(3) about their point of intersection 0, 

J = rrij^r-^^ + m<iV^ + . . . 
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Then 



a _ 



Ci^ + 



/l^ 



= a;/ + 



and 



J = 'S,mr^ = Sm (a;^ + y^) 
= '%{inx^ + my^) 
= ^mx'' + ^mnf = Ix + Iy- 
If fcx, ^Y and Alp are the radii of gyration about 
OX, OY and respectively we have J = M&p^ ; 
Ix = MV and Iy = Mfcy^ .-. fep^ = h^^ + W- 
Similarly it is proved that 

The second moment about an axis {called also polar 
second moment in the case of a plane area) is equal 
to the sum of the second moments about any two 
perpendicular planes intersecting in the axis. 
(6) Next consider three perpendicular axes : — 




Fig. 67. 

OX, horizontal in the plane of the paper. 
OY, horizontal perpendicular to the plane of the paper. 
OZ, vertical in the plane of the paper. 
Let 

Ip = second moment about 
Ixi Iy, Iz = second moments about OX, OY, OZ 
(respectively) 
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A, B, G = second moments about the planes 

YOZ, ZOX, XOY (respectively). 
Then clearly 

Ix = B + C, Iv = C + A, Iz = A + B. 
It can also be proved that 

Ip = A + B + C = i (Ix + Iy + Iz) 
••■ fcp' = i {kx^ + hy^ + kz'). 
2". Paeallel Axes. — If 
I = the moment of inertia of a plate about any axis 
AB in its plane, 



TT 




N2 




N> 


B 


( 


[ /^ 




p\ 


^ 




A" 


I 


N 'o 


" 1 


B' 




V ^ 


M2 




/ 





Fio. 68. 
I„ = the moment of inertia about a parallel axis 
A'B' through its centre of gravity G, 

d = perpendicular distance of G from AB, 
M = mass of plate, 
then 

I = I, + McP. 

For (see Fig. 68) and let pi N^ = y^ and P^ N^ = ^^ ; 
PN = 2/i'and :Pm = y2 
I = Wi^/i^ + m^y^^ + . . . = Smy'^ 

= .m-fyi + df + m^{y^' + d)^+ . . . =&m{y{ + dy 

= Sm(2/i'^ + 2i2/i' + d') 

= 8my{-^ + 2^mdy{ + 8md^ 

= Smy-^''^ + 2dSmyj^ + d^Qm 

= 1, + 2d.O* + dKM 

= 1 + Md^ 

* This is because the sum is the first moment of the system 
about an axis through the centre of gravity which is (§ 48, 
p. 146). 
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Note. — The perpendicular is considered positive 
when drawn upwards, so that (in the figure) PjN 
is positive, while PjN is negative, and always 

Vi = yi + d. 

Exactly the same formula expresses the moment 
of inertia of a solid body about any axis in terms of 
a parallel axis through the centre of gravity. 

Similarly for areas we have 

I = I, + Adl 

Corresponding to this we have for solids 
Mfc2 = MkJ' + Md^ 
and for areas 

AP = A/fc„2i + A(P 

Both' these give 

¥ = kj^ + d\ 

It will thus be seen clearly that the radius of 
gyration is a length and the formula comes the 
same for solid bodies as for areas. 

The dimensions of moments of inertia, — Many 
students find considerable difficulty in getting clear 
ideas upon moments of inertia ; this is, we think, 
largely because they cannot form a concrete idea of 
what dimensions the quantity is. In the case of 
areas the moment of ,inertia is of the order area x 
(length)^ = (length)* and it is not easy to get a concrete 
idea of this dimension ; in the case of solids it is of 
the order mass x (length)^ and this again is not a 
familiar dimension although it is much easier to con- 
ceive. When difficulty of this kind is experienced it 
is best to regard the moment of inertia as some new 
idea and not to attempt to form a concrete idea of 
it as being of the dimension (length).'' 

§ 53. Some Important Moments of Inertia. 
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1°. Uniform Sod. — Axis through the centre .per- 
pendicular to the rod. — Let the length be I, and the 
mass M. Subdivide the rod into small lengths 
PQ = 8a;, x being OP. 





y 






A 





P Q 


B 




r 
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The mass per unit length 
M 

M 
Hence the mass of PQ = -j dx. 

I = Moment of inertia =2 y- x^ . 
x^dx 



dx. 



•f 



I 
_ 2M 

~~r*UJ T2 

[The integral gives the moment of inertia of one 
half, OB, of the rod : this is why it is doubled.] 

Moment of inertia about axis through A perpendi- 
cular to the rod. 

We make use of 2° in the last §. 

i - i„ + Md - _ + — g . 
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2°. Uniform: Ebctangdlar Plate. — Let the mass 
= M and the sides be of length B and H. 



dy 



TTi: 



Fig. 70. 

Divide the rectangle into rods such as PQ of 
thickness Ay, parallel to X'X, y being OK. 

M 
Then the mass of a rod = =r . dv. » 

H ^ 

And M. I. (moment of inertia) about X'X = Ix 

/5 M J., 2M 

12 ■ 
In fact this is i-eally the same case as that of the 
rod. 

MB2 



i ) ■ * 



The M. I. about Y'Y = Iy^ 



12 



And by § 52, 1° 



the polar M. I. about axis through perpendiouldr 

to the rectangle 

= sum of M. I.'s about XX' and Y'Y 

= ^ (B2 + H2). 
12 ^ ' 

Similarly for the rectangular area we have, since 

the area A = BH corresponds to M, 
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BH3 

12 

12 



3°. Thin Wheel (spokes and axle neglected). 




Fig. 71. 
Let M = mass. 

E = radius. 
Then J (polar moment of inertia) about the axis is 

J = MW. 
This is the same clearly as the M. I. about its 
centre O. 

To find the M. I. about a diameter. 
We have (§ 52, 1°) 

J = Ix + Iy 
(OX and OY being perpendicular) 
= 2 (M. I. about OX) 
.-. M. I. about OX = -^ME^. 
Using § 52, 2°, 
M. I. about a tangent BT 

= i ME2 + ME2 = I ME2, 
11 
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4°. Dnipoem Circular Plate. — Let the radius 
= E. 

To find the M. I. about an axis through the centre 
O perpendicular to the plate, divide the plate up into 
thin circular strips as shown in the figure. 




Fia. 72. 

If r = radius OP of any strip, and dr = its thick- 
ness PQ, 

Then its mass = density x length x thickness 

M 
= ;^2 >< 27rr X r 

2M J 

= -w '''■ 



M. I. of plate = f^ ^ r^dr 

Jo B 

T 2M fR s , 



§•? = *"«'• 
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To find the M. I. about a diameter Fig. 72, we 
have as in 3° (by § 52, 1°) 




Fig. 73. 

i ME? = 2 (M. I. about diameter) 
.-. M. I. about diameter = ^ MEl 
And again 

M. I. about tangent (by § 52, 2°) 
= i ME2 + ME2 = I MEl 
For a circular area we shall have about the dia- 
meter 

4 

64 
where D is the diameter. 

The value of the moment of inertia of a circle 
about its diameter may also be obtained at much 
greater length as follows ; the student should com- 
plete it as an exercise. 

Eeferring to Fig. 73 

« + R 

Txx = 2 b.dy.yl 
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Now let 6 be the angle between the normal y and the 
radius B. 

Then 6 = 2 E sin ^ 

2/ = E cos d 

.: il= - E sin (9 
do 

+ R (.0 

.-. \b.dy.y^= E^ cos^^i . 2 E sin (9 ( - E sin e)(i^ 



= 2 E* sin^ecosW^ 
•'o 
Calling the integral B 

TT 

we have B = i[ (2 amOcoseyde 

Jo 

IT 

'sin2 26 de 






S\l - cos 46)^61 

TT 

[e -I sin 4^]' 



16 

whence I = 2 . 2E* . ^ 
16 

_ ttB^ 

~ T 

as before. 

The reader will find that he can avoid a great 
deal of integration by the judicious use of the pro- 
positions given in § 52 which are often applicable to 
symmetrical bodies. 
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5°. Sphebe. — A similar method applies to a uni- 
form sphere which is subdivided into spherical shells, 
We find 

M. I. about diameter = | ME^ 
M. I. about tangent line = | MR^ 
6°. Uniform Cylinder. — Let the length be 2L, and 
the radius be E. To find M. I. about axes. 
Take three perpendicular axes : — 




Fig. 74. 
Oz, the axis of the cylinder, Ox, Oy, two axes at 
right angles through the centre perpendicular to the 
axis, Fig. 74. 

Then using the notation of (§ 52, 1°) 
A = B = ^ ME2 by 4° 
for this comes to taking the M. I. of a circular 
plate about a diameter] 

and C = I- ML^ by 1° similarly, 
we have at once 

M. I. about axis OZ = I, = ^ ME^ 
and M. I. about OX = I, = B + 

= i ME2 + i ML2 
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7°. Parabolic Segment. — Eeferring to Fig. 61, 
Second moment about OY = I x'^ydx = 1 2a\x^dx 

= 2a \ X ax = \ 2 a . -x 

Jo L 7 Jo 



= |aV^5B3H 







or k^ = yi B 




If the second moment is 


required about the base 


Z, we proceed as follows : 


— 


Icy = 1 B3H. 




Ice = Icy - A . d^ 




= ?HB3 - ?.BH. 
7 3 


9B2 

25 


Ixz = Ice + Adj^ 




= |hB' - A HB« 
7 25 


+ ^HB. 


_ jjg3 (150 - 126 
t 5'25 


+ 56) 2^3 80 
J 525 


105 





§ 54. Product Moments. — If dm is an element 
of mass at distances x, y from two perpendicular axes 

the quantity \xydm is called the product moment, 
which in the case of areas becomes I xyda. This 

quantity bears some resemblance to the moment of 
inertia and is useful in some more advanced pro- 
blems in connexion with beams whose sections have 
no axis of symmetry. 
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It follows at once that the product moment about 
an axis of symmetry is zero because corresponding 
to every point on one side of such axis there is a 
another point on the other side whose ordinate is 
equal to it numerically but opposite in sign. 

§ 55. Centre of Pressure and Load Point (C). 
— In the case of bodies subjected to fluid pressure 
such as dams, sluices, dock-gates, etc., and those 



Y^ V/ater Line or Line of Zero Stress V 
A 1 , , r— 




^^riaTion ofT^ressUre 
or Sfres'i 



Fig. 75. 



subjected to a uniformly varying stress such as beam 
sections, we require to find the centre of pressure, i.e. 
the point L at which a single force equal to the total 
pressure or stress upon the body may act to keep it 
in equilibrium. 

In the ease of stresses L is often called the load 
point. The depth of the centre of pressure is usually 
measured from the line XX of zero pressure or stress 
which is the water line in the case of fluid pressure 
and the neutral axis in the case of beams. 

Eeferring to Fig. 75, if da is an element of area 
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situated around the point P, since the intensity of 
pressure or stress is proportional to the depth below 
XX, the intensity of pressure at P = ^p = p .y where 
p is some constant, which in the case of fluid pressure 
is equal to the weight of unit volume of the fluid and 
in the case of stresses is the intensity of stress at 
unit distance from the neutral axis. 

The force on element of area = riQ = p^ .da 

= pyda. 
.'. total force on body = Q = \pyda. 
= p^yda 

= (0 X first moment about XX 

= p.A.d = Apd . . . (1) 

= area x intensity of pressure or stress at centroid. 

Now take moments about the line XX. 

Moment of force on element = p^ . yda 

= py^ da. 

.'. total moment about XX = ^py^da = pl^. 
.'. if h is the depth of the centre of pressure 

Q.h = pl^ 

i.e./. = 4'= ''^^ 



Q p. Ad 

= 13 (2) 

_ second moment of area about XX 
first moment of area about XX " 

In some cases it is more convenient to find the 
distance e between the centroid and the centre of 
pressure. We then use the relation (see p. 157) 
I, = I„ + Adl 
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Equation (2) then becomes 



h, — d + e = 



M 



(3) 



Ad Ad 

d 

In some problems on stress distribution we are 
given the position of the load point and require to 
find the distance d from the centroid to the neutral 
axis ; we then use the relation 

d='^ (4) 

In such problems e is called the eccentricity of the 
load. 

Considering the application to stresses we notice 
that as e, the eccentricity, diminishes, d gets longer, 
i.e. the neutral axis gets farther away and as a result 
of this the difference between the maximum and 
minimum stresses JH and BF will diminish, the 
stresses ultimately becoming uniform across the 
section as L coincides with G. The neutral axis can 
then be regarded as at an infinite distance away; 
this will be seen mathematically by making e very 
small in equation (4), because U^ is a finite quantity 
and a finite quantity when divided by a very small 
quantity gives a very great quantity. 

§ 56. Special Cases of Centre of Pressure. — 
1, Rectangular Surface Extending up to the Water 
Line. — Eeferring to p. 160 if H is the depth below the 
water line and B the breadth 
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3 



BH anid 



H 

2' 



■.h = 



Ad 



iBHViBff = ^. 



Therefore in dock-gates, dams, etc., the centre of 
pressure acts at | depth from the water line. 

Similarly in reinforced concrete rectangular beams 

W L 




Fig. 76. 

the resulting compression stress is at | distance from 
the neutral axis to the compression edge. 

2. Rectangular Surface Entirely below the Water 

Line. — k^\iov a rectangle = -— [see p. 160]. 

\A 

.•. in this ease e = -ttt-,. 
12a 

It will be noted that e diminishes as d increases 
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or that the centre of pressure or load ipoint gets 
nearer to the centroid of the section as the depth of 
the upper portion of the area below the water line 

increases. In the limiting case in which d = —y 

2 

^ H . , H , H 2H ^, 
e = -^, I.e. ft = _ + — = -— , thus agreeing with 
D A o o 

the previous case as, of course, it should. 

3. Circular Surface Entirely Below the Water 

ttD* 
Line. — I for a circle about its diameter = -sj" [p- 3 63]. 

•■■ "- ~ re 

. , . D^ 

.•. in this case e = ^5-5. 
16a 

This will be less than for a square surface of side 
equal to D. 

§ 57. (M) Friction on Footstep Bearings. — 
Flat Bearing. — We will now consider the appli- 
cation of integration to calculate the power absorbed 
in footstep bearings, Fig. 77. In the case of the fiat 
bearing we will assume that the pressure is uni- 
formly distributed over the whole bearing 

load W 
.-. intensity of pressure = p = —^ — = -^ 

.•. pressure on an elementary ring of width dr situated 
at a distance r from the centre 

= rfW = p X area of ring = ^ x ^Trrdr 

.•. friction on ring = fidW = fcp . 2irrdr 

.-. moment of friction on ring about centre 

= dMf = /*iW . r = 2ir/j.prMr 

.-. moment of friction on whole surface about centre 
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r'^dr 



Jo 
27r/xpB' 2mWE 



ii/i> 




Fi«. 77. 
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.•. work lost in friction per second if n is the number 
of revolutions per second = 27rreM, (by the rule that 
work per second = ^irn x moment of force) and R 
is in inches 

= i!:^ inch.lb. . . . (1) 

„ , , -, 4:7r,xWEw 

.-. Horse-power absorbed = o ^ 550 x 12 

-^I57F • • ■ (2) 
CoZtor Bearing. — In this case referring to Fig. 78 
we get by exactly similar reasoning 

3 • 

The area in this case = tt (Ej^ - R./) 
W 

•■• -P ~ TT (Ei^ _ B/) 

2x;.W (Bi« - B/) 
• • ^^/ - 3 ,r (Bi^ - E^^) 

VW (Bi - E2) (El-' + EiE, + B.i) 
~ 3 (E, - E,) (El + E,) 

2/xW (B,^ + BiB, + B/) 



3 (Bj + B^) 

Horse-power absorbed 



(3) 



;.W (Ei^ + E,B, + B,-^)w 

1575 (Ki + B2) • • • V ^ 

In the case where the collar is very snaall and B^ 
and E2 become practically equal, each say equal 
toB, 

^^ 2;aW 3E2 
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w 



R, 




R-. 





Fig. 78. 
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Conical Bearing. — Eeferring to Fig. 79, the normal 
pressure p if assumed constant will be such that 




Fig. 79. 

p X area of cone = ^ — and area of cone = OX 
sm a 

X ^ circumference of base 

.-. p X ttR X OX = 
E 



i.e. p X ttE X 



W 
sin a 

W 



sm a sm a 

w 



•■■ p = ^^- 

This is independent of the angle of the cone and 
is the same as for the flat pivot. 
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.•. pressure on ring AB = ^ x ^ttt AB. 

sin a 
.-. friction on AB acting at right angles to the paper 

2Trrdr 

= I^P X -j- — 
sin a 

.'. moment about centre line 



sin a 
■. total moment of friction about the centre line 

>^P ■ rrz — 



= dM. = /^F X ^■^^^'^ ■ •^ 
lent of fric 

sin u, J 
sin a . 3 



= !!irLlll[^r-dT 
sin u, Jo 



E^ 3 sin a 
W 
3 sin 



^„ ■ inch-lb. . . (5) 

■ ■■ Horse-power absorbed ^ /^ ■ "W Bw .g. 

^ 9900 sin a ^ ^ 

For a truncated cone of maximum and minimum 
radii Ej, Eg respectively, we get 

sm u. J R 



^ /x . J) . 2Tr /I 

sin a V 



fJL . P . 27r /Bi^ - Eg^ 

3 



_ /t ■ W ■ 2,r (Bi« - E,3) 
3x(Ei2 - Eg^) sin a 

_/i, 2W(Ei^ + B^B, + E3^) 
3 sin a (Rj + 'Eg) 



(7) 
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.•. Horse-power absorbed 

9900 sin a (Ej + B^) ' ' ^ 

When a = 90° this gives, as we should expect, the 
same result as for the collar bearing. 

Schiele's Pivot. — In the pivots considered up to 
the present the wear will be greatest at the outside 
because the velocity is greatest there, thus causing 
considerable unevenness in wear. 

Schiele's pivot is made of such a shape that the 
wear is theoretically equal if equal pressure be as- 
sumed as before. 

We will now determine the shape of the curve 
which will give this result. 

Consider an elementary strip (Fig. 80) of the bear- 
ing. The load on the strip will be the proportion of 
W carried by a circular ring of thickness AC = dr. 

W 
Load = — . 2irr . dr, 

A. 

where A is the horizontal projection of the area over 

which the weight is carried. 

Assuming that the pressure is constant and equal 

to p we have 

W 
.-. p X AB . 2 n-r sin 6 = — - . Zirrdr 
^ A 

As in the case of the conical pivot we shall have 
moment of friction on element 

dM, = ^p ■ ^" ■f'^r 

.' sm 61 

The normal wear ac of the pivot at any strip, in the 
direction of f, will be proportional to the work done 
against the friction, if AB is the same for each strip 
12 
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because the friction is the force resisting wear ; so 
that work done in wear = friction force x distance 
through which it is moved. 




Fig. 80. 

Now ab is the vertical wear and if ac is perpendi- 
cular to bo we have 

. ^ ac r 
sm 6 = —- = -— — 



AD 



ab AD 
r. ab 



ac 



Now work done against friction per second 
= fx. p .V = up 2-nrn 
.'. ac is proportional to this, i.e. 
ac = k.jj.p.2Tr r.n 
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where k = some constant and since, /j., p, and n are 
assumed constant we may write 
ao = K. r 

.: AD = r;^ 
Kr 

_ ab 

~ K 

.•.if the vertical wear ab of the pivot is constant the 

length AD is constant 

The curve PAE therefore is such a curve that its 
tangent AD is of constant length. 

This curve is called the tractrix [see p. 221]. 

§ 58. (B) The Root iWean Square.— It will be 
readUy seen that the mean value of sin x between 
the limits a; = and x = 27r is zero, for in the graph 
the area below the a;-axis is equal to the area above it. 
In many cases a quantity has the same effect whether 
it is positive or negative, and in such cases one might 
add on the negative areas as if they were positive and 
find the mean as before. This would be convenient 
enough graphically, but would make the integration 
a little trying. In some cases, however, it is the mean 
of the square of a quantity that is important, and 
here no question of negative values arises, since a 
square is essentially positive. 

The heat generated by an electric current is pro- 
portional to the square of the current. 

Heat generated per second = C^E, 
where C = current 

R = resistance. 

If C varies the heat generated in time t is 



W = 



{'nG^dt = Bi'GHt. 
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In this case it is the square of the current that we 

are concerned with, and if we knew the mean value 

ofG\ 

Mean G^ = K, 

then the heat generated would be 

EKi. 

Suppose is the constant current that generates 
the same amount of heat in the time t. 

Then 

W = 'BjOH = BJC^dt, 
and 



' = Vjj 



cm 



which is called the root mean square current, is what 

is important for us to know, especially in the case of 

alternating currents. 

For example, suppose an alternating current to be 

given by 

G = Cq sin wt, 

then the root mean square over one complete 

. , 2ir 
period — 



\ 



ain^wtdt r 
J 



•'o 
— 'v/i il'^i - cos bit sin tu<]„ y 

(see § 42, 5° (2).) 



= «.V*'I? 



V5°" 
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Gbaphicai, Method. — Graphically the root mean 
square could be determined by constructing the graph 
of C^ from a knowledge of C and then proceeding as 
before, but there is a better method. 

Instead of determining the position of a point P 
(Fig. 81) by means of its rectangular co-ordinate (x, y) 




we may use the polar co-ordinates 
r = OP, 6» = a;6P. 

A relation between r and 6 will determine a 
curve as before, for example the curve (a part of it) 

r = e» (A) 

is shown in Fig. 81. To trace this curve we measure 
along the radius OP corresponding to each angle 6, 
a length given by the equation (A). 

The " Akea of the Cuevb," i.e. of the sector OAP 
(Fig. 82) is now considered as the sum of the triangles 
OAPp OPiPj, OPjPg, . . . approximately. 

Now OP = r, OQ = r + 8r, POQ = 8^ ; so the 
area of the triangle 
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OPQ = ^ OP . OQ sin POQ 

(see Introduction.) 
= i r . (r + Sr) sin iO 
= ^ r . r . 86 (approx.) 
= i r^Se. 
Taking this as the approximate area of an ele- 
mentary sector POQ, we get area of whole sector 




Fig. 



AOP 



Por the curve r = 






!)• 



e*, area of sector 
= ii'e^'de = i (e2« 

To find the root mean square of C, suppose we now 
draw a curve (Fig. 82a), taking t as the angle AOP 
(in radians) and C as the radius OP. 

Then the area AOP = -tf G^dt. 



i' 



Hence the root mean square = the square root of 
twice the area AOP divided by t. 
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§ 59. (C) Problems on the Flow of Water.— 
A number of problems upon the flow of water intro- 
duce the operation of integration. 




O A 

FiQ. 82a. 

Flow oveh a Ebctangulae Notch or Weie. — 
Consider an elementary atrip of water at depth h 
(Fig. 83) below the surface. This will possess a 






T-TTyTrrrTTTTyrrr 



Fig. 83. 



-3n: 



velocity due to falling a height A, 
i.e. V = J^gh. 

.-. flow of water through element per second = C^ 
X area of strip x velocity, where G^ is a constant 
called the coefficient of discharge 

.-. elementary flow 
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= dQ = C^ X area of strip x velocity 
= j2g.G,.-BUdh 



.: total flow 



Q= {^2g.G,Bhidh 

= |C,.BH V%H- 
Teiangulae Notch oe Wbie. — In this case 
(Pig. 84) we have as before 




Fig. 84. 



bh^dh. 



dQ = J2g . C, , 
Now b = 2(H - h) tan 6 
■ ■■ dQ= ^Tg .0^.2 tan ^ (H - h)y'dh 

.: Q = V% . a . 2 tan 6 \ {Rhi - 0)dh 
= V2^ C^ . 2 tan 6 . [f HA* - | fe^l 
= V% . a .- 2 tan e . ^ H* 
= ^ C, tan' e W j2gR 



or= ^C, BHV2^H 



(2) 



Time to Empty a Kbctangulae Tank with a 



§59] 



FLOW OF WATER 



185 



Small Obificb. — Let the area of the orifice be a 
(Fig. 85) and that of the tank [in plan] be A. 

1 



T 
h 



Fig. 85. 

Let the head of water at any instant be h and let 
its surface descend through a distance dh in an ele- 
ment of time dt. Then velocity of flow through 
orifice. 

= V = J2gh 
.-. flow through orifice in time dt 

= C^ X area of orifice x velocity x dt 

= G^. a Jlgh . dt 

but the flow through the orifice must be equal to the 

diminution of volume in the tank, i.e. Adh 

.-. Adh = C^ aj2ghdt 

Adh 

.'. dt = — == — — rr 

J2g.Ga.a hi 

. . time required to empty tank = t 
_ ro A dh 

A .0 



2A JB. 
J2g .G^.a 



J'2.g . Ga-O' 
G,.a I 

n.G.'^Y' 



L 



2/i-J+i 



1° 

Jh 



"aC, 



(3) 
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P ^da 




F;g, 86, 
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If the tank is of a different shape the method will 
be the same but the area A will not be a constant, 
and so the integration will be rather more compli- 
cated. 

§ 60. (M) Kinetic Energy Stored in a Fly- 
wheel. — Consider an element da of area situated at 
a point P (Fig. 86) in the cross section of a flywheel 
rotating at 7i revolutions per second. 

Then if p is the density of the material [weight of 
unit volume] the mass of the ring of which da is the 
section will be equal to 

-. weight of ring _ p . 2-7rrda 
9 9 

and it has a velocity ^-rrrn 

.-. kinetic energy of element = (2B = ^ mass x 
velocity^ 

= idM. . {27rrnY 

.: total K. B. of flywheel = B = ^-n-Hy^dM. 
but ]r''dM. is what we have called the polar moment 
of inertia of the flywheel = J 

.-. K. B. = 2W J . . . . (1) 
It is common to express this in terms of a>, the 
angular velocity which is equal to 2Trn 

then K. B. = i Ja.^ . . . (2) 
If k is the polar radius of gyration of the flywheel, 

J = Mk^ = 

9 

then K. E. = i Ma,2fc2 = i^^ . (3) 
^ 9 

§ 61. (C) The Deflections of Beams.— It can be 

shown that in a beam the relation holds that th? 



188 CALCULUS FOE BNGINBBES [CH. VII. 

slope $ of the beam at any point is given when such 
slope is small by the relation 

tane = J^^ . . . (1) 

where M = the bending moment at any point 

B = Young's Modulus 

I = M. I. of cross section about neutral axis, 
and the deflection y of the beam is given by 

y = ftan 6 dx . . .. (2) 

To get the deflection y therefore from the bend- 
ing moment we have to integrate twice; this is 
written 

«Mdx^ ,r,. 

-ET • • • (^^ 
As a simple example of this take the case of a 
beam of span I simply supported at the ends and 
carrying a uniformly distributed load of p units per 
unit length (Fig. 87). 



A p px & 

s iluniin nniDnii II i^nniTTTTTTr 



?¥ 



Consider any point P along the beam. 

The forces acting to the right are an upward re- 

action equal to -^ at the end B and a downward force 

fx acting at the centre of the length PB. 
.-. moment of forces to the right of B 
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pi . X px . X 

= bending moment at P = M = — ^ — — k — 
= ^{lx- x^) . . . (4) 

.-. from (1) tan 6 = \ij^^^)^ 
J" EI 

.'. if B and I are constant 

EI tan e = I (^^ - g-j + Ci . . . (5) 

Now from symmetry the slope of the beam is zero 

I 
at the centre where x = ^ 

••0 = 2 \~8r - 2i) + ^1 

i.e. C, = - 4J (1 - i) = - f^ 

.-. EI tan 61 = -^ - -^ - f^ ■ (6) 

.-. from equation (2) 
EI . 2/ = f EI tan 6 . dx 

C/lx^ x^ Z» \ , 
^^PJIt - 6 -24J^* 

/Ix^ x^ Px\ 
= ^ Vl2 - 24 - 247 + ^2 • ■ ^^> 

Now !/ = at the end where x = .-. Cg = 

...EI., =11(^-1' ^5 . . (8) 

The maximum deflection 8 occurs at the centre 
where. = I 



190 CALCULUS FOE ENGINEERS [CH. VII. 

EI . S = 

(i - i - 1) 



24 U " 16 ~ 2, 



pi* 



2 X 24 

pi* 
2 X 24 

- 5pl* 
384 

- :5pl* 



(-1) 



• • " " 384 EI • • ■ ^^^ 
The minus sign indicates that the deflection is 

downwards. 

The deflections of beams loaded and supported in 

various other manners are obtained in a similar way 

and will be found in the various text-books dealing 

with the subject. 

BxEECISES 7. 

1. Show that the oentroid of a quadrant of the 
ellipse "2 + ^2 = 1 is at distances ■^- and k- from 



^2 . j2 - "■" — " — " 3^ •— 3, 



I IT 



the axes. 

2. A triangle has its vertex at the surface of a 
liquid and has its base horizontal. If h is the height 
of the triangle, find the depth of its centre of pressure. 

3. The pressure of one pound of saturated steam 
at 347° E. is 130 lb. per sq. in., and the volume is 
3 '44 cub. ft. Find the work done in an adiabatic 
expansionwhich doubles the volume, y = 1-135. (M.) 

4. Find the work done in suddenly compressing 
one pound of dry air originally at 32° F. to |ths of 
its original volume. Use the equations PV = 5318 T 
(abs) and pyi-*"* = constant. 
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P = pressure in lbs. per sq. ft. 
V = Volume in cu. ft. 
Thus get the temperature after expansion and apply 

the formula : work done = Wri -■ (M.) 

•404 ^ ' 

5. A certain volume of air is drawn into a cylinder 
at a pressure 120 lb. per sq. in., and is expanded 
isothermally until the volume is 6 times as great. 
Find the mean pressure during inlet and expansion. 
(M.) 

6. Find the mean pressure under the conditions 
of the previous question if the expansion is adiabatic 
taking y = l-dOS. (M.) 

7. Find the area included between the axis of x 
and the curve 9y = x^ {x + 3), x and y being in 
inches. 

8. Find the co-ordinates of the centroid of the area 

included between the curve y = -; -„ and the 

^ a' + x'^ 

axis of X. 

9. Find the centroid of the area included between 

one semi-undulation of the curve w = 6 sin - and the 

" 2 

axis of X. 

10. Find the centroid of the circular spandril formed 
by the quadrant of a circle of radius r and the tangents 
at its extremities. 

11. A trapezium of depth h has one side a of its 
parallel sides a, b, in the surface of a liquid. Prove 
that the depth of the centre of pressure is 

a + 3 b -, 
Y(a + 2b)' ■ 

12. Find the radius of gyration of a uniform cir- 
cular disk of radius r about an axis normal to its 
plane passing through a point on its circumference. 
(C.) 

13. A bending moment diagram of a beam of span 

I is made up of a triangle of height ^^ with apex at 
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the centre and a parabola, extending from the right- 
hand end to the centre, of height -^. Find the 

position of the centroid of the diagram. (0.) 

14. The moment of inertia of a channel section 
about its base is 13'639 inch units, and the centroid 
is 1'185 inches from the base. If the area of the 
section is 5'219 sq. in., find the moment of inertia 
and radius of gyration about a line through the 
centroid parallel to the base. (C.) 

15. If the root mean square value of an alternat- 
ing electric current is ten amperes, what is the 
maximum value ? (B.) 

16. What will be the average value of the current 
in one semi- alternation in the previous exercise? 
(B.) 

17. Find by means of the theorem of Pappus the 
distance from the diameter of the centroid of (a) the 
surface of a hemisphere, (6) a solid hemisphere. 

18. A rectangular beam 12 ft. long, 1 ft. deep and 
5 in. wide rests on supports at' its ends. What 
uniformly distributed load will cause a deflection 
equal to yj^Vr o^ i*^ span. B = 1-8 x 10" lb. per 
sq. in. (C.) 

19. A cast-iron pipe of 18 in. internal diameter 
and 1 in. thick, rests on supports 40 feet apart. 
Find the maximum bending stress at the centre when 
the pipe is full of water. Take weight of cast iron 
= 450 lb. per cub. ft. and of water 62'3 lb. per cub. ft. 
(C.) 

20. The resilience or work done in bending of a 

beam is given by I — — -, where E and I are oon- 
Jo 2BI 

stant. If M = - (La; - x^) as is the case for uni- 

formly distributed loading, find the resilience. (C.) 

21. The entropy <^ of a substance is defined by 

^ = 1-^ where Q is the heat absorbed and T is the 
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absolute temperature. If the specific heat of water is 
taken as 1, the entropy above freezing point is I ^_; 

find the entropy of one pound of water at 300° F. (761° 
F. absolute). (M.) 

22. If the specific heat of superheated steam is 
•48, find the entropy of a pound of steam at 300° F 
superheated to 390° F. The latent heat L at this 
temperature (300° F.) may be taken as 903 so that 
the formula for the entropy becomes 

J493 -^ -•- •'761 -^ 

It is - during the evaporation period, because T is 

constant and JdQ = L. (M.) 

23. A vertical shaft 4 inches in diameter turns on 
a flat pivot. The weight of the shaft with its various 
fittings is 2500 lb. If /a = -08 and the speed is 140 
revolutions per min., find the horse-power used in 
friction by the pivot. (B.) (M.) 

24. In the above question find the horse-power 
lost if the pivot were a cone frustum, the cone angle 
being 60° and the least diameter 1-^ inches (E, M.) 

25. Will the work absorbed in friction in a Schiele 
pivot be less than or more than that of a truncated cone 
of the same outer radius, the half angle of cone being 
45° and the angle of the tangent to tractrix at the 
longer radius being 45° ? The radius of the small 
end of the conical pivot may be taken as one-half 
the large radius. (E, M.) 

26. Two tanks whose surface areas A are equal 
to each other have a difference in water level of H 
and are connected by a small orifice below the 
level of the water in either and of area a. If 0^ be 
the coefficient of discharge, find the time from the 
opening of the orifice until the level in the two 
tanks is equal (note that the change in head is twice 
the rise or fall). (C.) 

27. A large rectangular orifice of breadth b and 

13 
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depth h is placed in the side of a tank. If H is the head 
of water above the top of the orifice show that the 

flow is Q = §60, J¥g {(H + h)' - H^}. 

28. Find the time to empty a rectangular chamber 
120 ft. square containing 15 ft. depth of water, which 
is allowed to flow out through a rectangular orifice 
2 ft. by 1 ft., the top of which is level with the floor 
of the chamber, take C^ = "62. (0.) 

29.' A tank 10 ft. square and 10 ft. deep has a 
circular orifice 4 inches in diameter in the bottom. 
If the tank is filled and the water turned off, how 
long will it take to empty taking C, = '62 ? (C.) 

30. A hemispherical cistern is 20 ft. in diameter, 
and it is full of water. How many minutes will it 
take to lower the depth of the water 5 ft., if the 
water escapes through a 3 inch diameter sharp- 
edged hole in the bottom of the cistern. Take the 
coefi&cient of discharge as '60. (C.) 

31. Calculate the discharge through a 90° angular 
notch, the height of the still water surface above the 
bottom being 15'5 inches ; take '60 as the coefficient. 
(0.) 

32. A tube of length 2r, closed at both ends and 
full of liquid, revolves in a horizontal plane about an 
axis, at right angles to a/ad bisecting its own axis. 
Prove that the intensity of pressure on its end will 

be -— — where w is the weight per unit volume of 

the liquid and w is the angular velocity. (C.) 

33. A cantilever is fixed horizontally at one end and 
is free at the other end, the length being I. Assuming 

that the deflections y are g'ven by — ^ = — - and 

M at a distance x from the free end is Wx, find the 
deflection at the free end. (0.) 

34. In arch problems the quantity \y^dx is used 
in determining the thrusts. For a parabolic arch 

4r r^ 
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35. The following integration also occurs in prob- 
lems on parabolic arches I [I/x - llix^ + os^) dx. 
Evaluate it. (C.) 

ANSWERS TO BXBEOISES. 

EXEECISES 7. 

2. — . 3. 42200 ft.-lb. 4, 7980 ft.-lb. 
4 

5. 55-8 lb. per sq. in. 6. 45-4 lb. per sq. in. 

7. -75 sq. in. 8.0,^. 9.^. 10. -223 r 12. ^/J-'■. 
4 4 2 

13. — from the right-hand end. 14. I = 6-316 

16 ^ 

inch units, k = I'Ol in. 15. 14-14 amperes. 

16. 9-Olamperes. 17. (a) Surface = 47rr^ = arc x path 

2?" 4t 

of centroid = ur x 2irx .-. = — , {b) --. 

TT oir 

18. 4800 lb. 19. 2640 lb. per sq. in. 20. ^^q ^ j - 
2,. ,„,. U = .43.. 22. ic. U . ^^ 
+ -iS log — = 1-67. 23. -59. 24. 1-32. 
25 . Schiele = /xWE^ ^2 and conical^'^^ ^ which 

is less. 26. i = ;4^- 28. 3 hrs. 7 min. 

Gda J2g 
nearly. 29. 25 min. nearly. 30. 37 min. 19 sec. 

WF „^ Qr^h 
31. 4-87 cub. ft. per second. 33. -^jg. 34. ^^ • 

U {1 - a) {1 + a - 5a^ + ^ a' ). 

35. j2 



CHAPTBE VIII. 

PABTIAL DIFPBBENTIATION. 

§ 62. Several Independent Variables. — A physical 
quantity may depend upon several other quantities 
which are independent of each other, instead of de- 
pending upon one only. For instance, the volume v 
of a given mass of a perfect gas is connected with 
the pressure p and the (absolute) temperature 6 in 
the following way ; — 

pv = m, . . . (1) 
where E is a constant. So 

^ = B^ (2) 

The temperature and pressure may here be ad- 
justed independently of each other. We might vary 
the temperature 6 alone, keeping the pressure con- 
stant ; then the rate of change of volume with 
temperature would be got by differentiating equa- 
tion (2), 

Dz; _ E 
T9 ^ p' 
Or again we might keep $ constant and vary the 
pressure ; the rate of change of the volume with the 
pressure would be 

l>v _ B£ 

lip ~ ~ p^' 

(196) 
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When a quantity z depends upon two quantities x 
and y, then the rate of change of z with respect to x 
when y is supposed to remain constant is called a 

"dz 

partial differential coefficient. It is written c- (pro- 
nounced day z over day x). 

To take another example, suppose 

z = 2x^ + 3xy + y^ + 2x + 1 
then 

= ix + Sy + 2 



l>x 



z = tan-i - 

X 



y 


= 




- y 


x^ 


x^ 


+ y' 




+ 


X 





Or again let 



then 

;)2 1 

— = 3 X - 

'ix , ^ r 

^ "^ x' 
Hz 1 1 

= 5 X T, o- 

liy 2/ a' * + y 

X'' 

Higher Diffbebntial Cobfficients. — We can as 
before find the slope of the slope with respect to x, 
i.e. for the first of the above examples 

3^ = 5^ (4a; + 3?/ + 2) = 4 (a constant). 

And similarly 

I' = 4 (3^ + %) = 2. 

But we have in this case another second order 
slope, viz. the slope with regard to y of the slope 
with regard to x, 
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yz 3 /^\ 3_ 0^ _ q 

Tiyix " liy \dx) ~ <)t/ ^ ^ ) ~ • 

And also 

}!L _ _^ (^^\ - — (^ 2^ = 3 
Ttxiy ~ 'bx \dyj ~ 'dx ^ H) ~ ■ 

It will be noted that in this case 

'by'bx ~ 'bx'iy' 
This is always the case for ordinary laws. For: 
our second example 

z = tan-i " 

X 

we have 
^a;''' 7>xW + yV {x^ +y'') 

^ a jx' + f ) 

Sa; 
= _2/x(-l)(x^ + 2/y2x2a. = .^-l^ 
c)^2 _ 2) / a; \ _ - 2 xy 



- 



ly^ Dy W + y^J {x^ + yy 

"dxHy 7)x \x^ + 2/2/ {x^ + y^y 

_ {x^ + y^) - X .2x _ 2/2 - x^ 
{x^ + y'f {x' + 2/2)2 

32^ _ *> / -. 2/ \ _ y'^ -x^ 



^y Hx ^y \x^ + 2/^/ (a;2 + 2/2)2" 

§ 63. Differentials and Small Variations. — 

Small Vabiations. — To return to one of our earliest 
examples, suppose x represents the distance covered 
by a motor-car at a given instant and t represents 
the time taken in covering this distance. The speed 
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dec 
is -^-- : so the distance covered in a small interval of 
at 

time following 8^ will be 



dx 
dt 



St 



^ Si = 40' X T-V = 4', 



approximately; this is not exact because — is the 

dt 

speed at the beginning of the interval 8t, and the 

speed is varying, but if 8t is very small the variation 

in the speed will likewise be small, and hence the 

error will be negligible. 

To be more precise, let us suppose that the car is 

moving with a speed of 40' per second and has a 

uniform acceleration of 1' per second per second ; 

let the interval of time St = ^^ second. Then the 

quantity which approximates to the distance covered 

dx 

dt 

a "small quantity". But the average speed during 
the interval is 40Jg-' per second, and the exact dis- 
tance covered is 

Af) 1 V 1 —41' 

The error made is therefore jw'; i-6. only g-^ of 
4', and this we call a " small quantity of second 
order ". The proportional error is still less if we take 
a shorter interval, say -y^ second. In this case 

^^ 8t = 40' X ^^^ = 0-4'. 

The average speed is 402^^;, and the exact distaiice 
covered is (0-4' + -2ul^^')- '^^^ ^^^°^ 2 wir' i^ "^ow 
only FFinr of O'*'- 

Thus in general the varia,tion of any quantity y in 

terms of x may be taken as 
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when 8x is small, and the smaller Sx is the closer is 
the approximation. 
These small variations 

Bx = variation in x 

-j-Bx = variation in y corresponding, 

are generally called differentials. 
Thus if 

y = x^ 
the differential of y is' 

82/ = 3a;"8a;. 
We obtain small variations similarly when the 
dependent quantity varies with several others. The 
relation between pressure, volume and temperature 
for a given mass of perfect gas is 

v^ E^(see§62). 

A variation in v when & varies, p being constant, is 
E 

and a variation in v when p varies, 6 being constant is 

^ev = - ^ Sp. 

Total Vaeiation. — What will be the variation in 
V in the last example when both $ and p vary ? The 
answer is that instead of supposing d and p to vary 
simultaneously, we can suppose that 6 varies first to 
its new value 6 + 86, p beiag constant, and that p 
then varies to its new value p + 8p, 6 remaining 
constant at ^ + 8^. Then the sum of these two 
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variations is the total variation in v. The first varia- 
tion in V is 

E 



Kv 



p 



so. 



The second variation in v, i.e. with the temperature 
at 6. + 80, will be very nearly what it would be at 6 
(because SO is small). Thus 



Sev 



B (g + SO) 



Sp: 






Finally the total variation is 

Sv = Sj,v + Sev 



B" 



P R 

q 



Fig. 88. 

very nearly, neglecting small quantities of second 
order. 

In general if z depends upon x and y, 

Let us take a simple case to see more clearly the 
kind of error we are neglecting. The area of a 
rectangle whose sides are x and y is 

2 =, xy 
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Then according to our-'work, 

8a = ^ 8a; + j^ 82/ = 2/Sa; + xhy. 

Now 8« is really the increase in the area of the 
rectangle when the side AD increases .by DD' = 8a;, 
and the side AB increases by.BB' = hy. The 
quantity yhx is ths area DD'QO, while xly is BCPB', 
So the quantity neglected is here the area CQEP, 
and this is small compared with the total increase 
in z. 

EXBECISES 8. 

1. If M = a;"v", find -- and --. 

^ ' l)x Hy 

2. li z = (x + yY, show that _ = ' .— . 

^ ^^ l)x ^2/ 

3. If r = ^x^TyT, find ^^ and g. 

4. If ax^ + Wixy + by^ + Igx + Ify + G = is 
the general equation to the series of curves known as 

" conies " find the slope of the tangent (i.e. -^-\. 

5. Calculate the difference for one minute in a 
table of logjg sines in the neighbourhood of 45°. 

Proceed as follows r y = logi^ sin x,hi=^x — "^V* — ' 

_ ir dlogiQsina;_ ir (ilog^sina; 

~ 60 X 180 dx 2-3 x 60 x 180 dx ' 

6. The height of a tower is calculated by measur- 
ing a length of 100 ft. from the base and measuring 
the angle of elevation which comes to 30°. If , the 
error in the angle be one minute, find the error in 
the computed height. 

7. In a tangent galvanometer the current is 
proportional to the tangent of the inclination of the 
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needle. Find the portion of the scale where the pro- 
portional error in the current 'due to a given error of 
reading is least. 

8. The height of a cliff is calculated by finding 
that a stone takes 3 seconds to reach the bottom. If 
the error in timing is ^^j second, what will be the 
error in the calculated height ? 

9. If w is the weight of a body in air and w' is its 
weight immersed in water, the specific gravity of the 

body is given by ;. If the weight in water is 

correct and that in air has a small error e, what will be 
the resulting error in the calculated specific gravity ? 

10. Take the same problem as before but take 
each measurement as liable to errors e„ and Bw re- 
spectively. , If X = 120'5 grm. and y = 110"9 grm., 
e„ = 3 mg. and e^ = i mg. find the total possible 
percentage error in the calculation. 

ANSWEES TO BXBECISBS. 
Exercises 8. 





1, ny"'x"-' 


\mx"y'--\ 3, -, ^. 
T r 


5. 


•000126. 


6. -47 ft. 7. 4=5°, 


9. 


ey 


10. -07 per cent. 



4. - 



ax+hy + g 



hx + by +f 
8. about 10 ft. 



{x - yf 



CHAPTEE IX. 
DIFFERENTIAL EQUATIONS. 

§ 64. Some Examples. — A differential equation 
is a relation between a variable quantity and one or 
more of its differential coefBoients. 

1°. The current G in a circuit whose resistance is 
E and whose inductance is L satisfies the relation 

EC + L '^ = V 
at 

where V is the potential difference at the two ex- 
tremities. 

This is a differential equation of first order, since 

the first differential coefficient — only occurs in it. 

dt ^ 

The independent quantity is the time t. The potential 
V we may suppose known and it then has an expres- 
sion in terms of t, The coefficients E and L are 
simply constants. 

2°. The acceleration of a body falling freely is 
given by 

— , = (7 = 32 in ft.-sec. units 
dP ^ 

where x is the distance through which the body has 
fallen in time t. This is a differential equation of 

(204) 
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second order. It will be noted that neither x nor _ 

dt 

occur in this equation. 

3°. Suppose a point moves in a straight line 

so that it always has an acceleration towards 

a point in this line proportional to its distance from 

the point. Then its acceleration 

d^x , 

where A; is a constant. 

4°. To take a more general case, suppose the parti- 
cle is urged towards the point with another given 
periodic force = m6 sin ^i (period = Qir/p, mass = m), 
and that there is also a resistance proportional to the 

velocity f to -J- Y Then the mass x acceleration = 

acting force ; 

d X oic 

m -^rir = - fnux + mb sin pt - mk -=- 
dr dt 

or 

d^x , T dx , , . , 

-^^ + k -^^ + I X = h sm j)t. 
dv dt 

If the right-hand side is absent, this is the relation 
satisfied by a damped harmonic vibration. With the 
right-hand side it is a damped forced harmonic vibra- 
tion. 

To solve a differential equation means to find an 
expression for the dependent quantity which sa,t'isfies 
it. We do not propose to give a systematicdiscus- 
sion of methods, but we will give the solutions for 
one or two important cases. 

In the same way as in the case of integtaititfa, 
there is no direct method of solving a differential 
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equation, we can only solve it by reducing it to some 

standard form of which the solution can be recognized. 

§ 65. Solutions. — The solution of a differential 

equation involves an integration. Take the equation 

It-"*- 
This expresses that the velocity of a particle is 
proportional to the square of the time, and we want 
to find an expression for the displacement. 
Evidently 

X = k \tMt =^ ^kf + G. 
This is the law for some value of C. 
To determine this value we have an initial condi- 
tion : for example, initially x = 1'. Putting t = 0, 
re = 1 we get 

1 = + C 
which determines C : 

0=1. 
Hence x = ^ k t^ +' 1. 

1°. (E) Take next a simple case of 1° (§ 64), namely 
the case where V = ; this means that the E.M.F. is 
cut out of a circuit which is then left to itself. 

EC + Lf = 

or 

dG_ E 
dt L ^• 

We recognize at once that the law is exponential,^ 
and as a matter of fact it is 

C = Cofi-L* 
as can be readily verified by substituting, for 
; ' See p. 63. 
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= - L • Coe L = - L C. 

Here 0„ is the value of G when i = 0. 
When V is a constant, the solution of the equation 
quoted above is 

R Y 
G = Ke'tt + - 

where K is some constant. [Verify this by substitu- 
tion.] For example if an E.M.F. equal to V is 
suddenly applied to a circuit in which there is 
initially no current, then G = when t = ; hence 

V V 

= Kx l + gorK= -^ 

and the formula for G is 

Note that the second term e'l- soon becomes very 
small, so that C quickly approaches its limiting value, 
. V 

VIZ. ^. 

2°. We take next the equation 

(Px 

df = ^• 

At once, on integrating, 

dx 

-dt-9t + A, 

where A is a constant. Suppose initially the velocity 

jr (downwards) = u; then 

% = + A or A = M 
dx 
and dt ^ ^ '"" 



208 CALCULUS FOR BNGINEEBS [CH. IX. 

Integrate again 

X = g . ^fi + ut + B, 
where B is a constant. Suppose that we measure 
distances from the starting-point of the body ; then 

X = when t = 0, 
so that 

= + + B, B = 0, 
and we get finally the familiar formula for the dis- 
placement of a body moving with a constant ac- 
celeration g, 

X = ut + igt^. 
Simple Harmonic Motion. — 3°. (M) We take 
next 

d^x 2 

where we have written m/' for k. 
Note that 

d sin t 



dt 



= cos t 



-j d^ sin t . . 

and — 5-; — = - sm t. 
dt'' 

So that the second differential coefiBcient of sin t is 
sin t reversed in siga. This also applies to cos t. 
This gives us a clue to a solution ; 
X = sin mt 
01 X = cos mt 
would both do. If we combine them putting in con- 
stants as coefficients, we get 

a; = A sin m< + B cos mt (1) 

and by substitution we can easily verify that this 
satisfies the equation. 

Let us take a specific case. 

A point moves with an acceleration /w; towards a 



§ 65] DIPPBRENTriAL EQUATIONS 209 

point 0, starting at rest from an initial distance d, 
where x is the distance at any time t. Then 

when < = 0, a; = ^ and ^ = 
at 

(i.e. velocity is zero). Substitute in (1). 

<i = A sin m.O + B cos m.O 

or d = + B . 1 

i.e. B = d. 

Now differentiate (1) 

_ = Am cos mt - Bw sin mt. 
dt 

Substituting the initial values 

= Aw . 1 - Bm . 

whence Am = or A = 

and finally 

X = d cos mt 

^p = - dm sin mt. 
dt 

This is a case of simple harmonic motion (§§ 6, 16). 

In this equation x = d when mt = and again 

equals d when mt = 2ir 

. . f = — ■ 

m 
is the time period between two successive identical 
positions or in the case of oscillation is the time of 
a double swing. 

The most convenient form of this result is 



t 



Vj 



/Force at unit distance 
and will be understood from the following : — 

-__ = acceleration (a) 
dv 

.-. when X = - 1, a = + m^ 

14 
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(we take x = - 1, not a; =+ 1, so that the acceler- 
ation towards the origin may be positive) 

.-. m = Ja 



also ^ ^^^^ 



a force 

m V' 



' Force to cause unit displacement 

Eulbe's Foemula foe Long Steuts and 
Columns. — (4). (C) Although the strength of columns 
has no apparent connexion with simple harmonic 
motion, it is as a matter of fact derived from the same 
form of differential equation. 

Eeferring to Pig. 89, suppose that a strut is so 
long that the direct stress when deflected is negli- 
gible compared with the stress due to bending. 

Now suppose that for some reason or other the 
column becomes slightly deflected (the deflection 
is shown exaggerated in the figure) ; then the bend- 
ing moment at any point Q will be equal to 

Mq = P.2/ (1) 

For a beam with a small deflection we may write 

dx^ EI BT 

'■^■d^^ IeT • • • • l^) 

p 

Putting jT^ = m^, this is the same general equation as 

that we have just considered and the general solution 
is 
y = A sin mx +B cos m x .... (3) 

The sign is minus because a counter clockwise moment 
across the section, i.e. a positive moment, gives a negative 

value of — -, i.e. causes the slope to decrease. 
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Now we see from the figure that y has the same 
value for equal positive and negative values of x, and 




as sin m x will become negative when x is negative 
vrhile coa »» a; is unchanged, A must be zero. 
.■. 2/ = B cos m X. 
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Also when x = ± - , 2/ = 0. 

.-. = B cos ^ (3) 

The smallest angle whose -cosine is is 90° or ^. 

/•ml __ -IT 
''T ~ 2 



I.e. m = T- 

or m^ = ^ 

but w = ==. 
EI 

• L = -nL 

■ ■ EI l^ 
or P = 



l^ 

This is Euler's formula. 

It gives us the load P which is theoretically required 
to maintain the column in an assumed deflected 
position, and it will be noted that this load is quite 
independent of the amount of the deflection and that 
if the deflection were doubled the load to keep it in 
such a deflected form would be the same. The load 
P therefore is called the critical load upon the column 
and with this load the column is in a state of unstable 
equilibrium. 

If, therefore, the load upon the column is less than 
P and the column were given a slight deflection the 
column would straighten itself again, but if the load 
is ever so little in excess of P the deflection will go 
on increasing until the column fails. P thus may 
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be regarded as the load which will cause the column 
to fail. 

Equation (3) would also be satisfied by 

I __ Stt 

or -— ... or any odd multiple of -. 

but these solutions would be of no practical value 
because they would give larger values of P and the 
column would have buckled before such values were 
reached. 

DiFFEEENTIAL EQUATIONS IN GbNBEAL. — It is 

thought that the above simple examples will give 
an idea of the nature of differential equations. 
Further treatment is outside the scope of the present 
book and the general consideration of such equations 
forms one of the most difficult branches of advanced 
mathematics. The student who wishes to go further 
into the matter should consult Edwards' " Integral 
Calculus for Beginners," or Perry's "Calculus for 
Engineers". A more complete treatment will be 
found in Forsyth's "Differential Equations" [Mac- 
millan]. 

BXBECISES 9. 

1. Prove that the time of swing of a simple pend- 
ulum of length I which has a small swing is equal to 

[If B is the angle of displacement, 

dt^ g ^ 

2. A body is urged forward by a constant force A 
and there is a resistance proportional to its velocity. 
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Determine its equation of motion. [Proceed as 
follows : — 

Eesultant force = F = A - bv 







yv 


a = 


A - 


bv 








7' 


a = 


W 


. f>9 
W 


V 


= B - 


- kv, 












where B and k 


are 


constants. 






.•. 


a = 


dv 


= B 


- kv. 





Solve this for v and check your result by differ- 
entiation.] 

3. Solve the equation ^ + 2 ^ = icl 

dx X 

[Multiply by x'^ 

a;2 ^ + 2 a;« = «* 
dx 

9 dy , dx^ . 
I.e. 33^ -^ + w ^r- = * 
dx dx 

dx 
Now integrate.] 

4. Solve the equation — -^ + x + y = 

dx 

ri.e. X -JL + y = - X 
ax 

d{xy) = _ a;. 

dx 
Now integrate.] 

5. The equation of motion of two weights W and 
w connected by a string over a pulley is 

(W + w) g = (W - «;) g. 

If W = 3 and w = 2 find the distance traversed after 
1 second from starting. 



§ 65] DIPFBRBNTIAL EQUATIONS 215 

ANSWERS TO BXEECISES. 
9. 

2. « = Ge~^^ + ?. 3. icV = ^^ + C, i.e. y 
K 5 

= ^ + -g. 4-. x^ + 2xy = constant. 5. 3-2 ft. 



OHAPTBE X. 

SOME FUETHEE GEOMETEICAL APPLICATIONS 
AND SPECIAL CUEVES. 

§ 66. Radius of Curvature.— If Qf S (Fig. 90) 
are three points on any curve and a circle be drawn 
through the points, the circle of curvature may be 
defined as the limiting position of this circle as the 
points Q and S both approach closer and closer to P. 




Fig. 90. 

The centre O of this circle is called the centre of. 

curvature, and since the radii O'O, S'O in Fig. 91 

(which shows the limiting position of the points 

drawn to an enlarged scale) are at right angles 

(216) 
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(normal) to the circle at 0' and S', and in the limit also 
normal to the curve, the centre of curvature may be 
defined as the intersection of two normals to the 
curve at points infinitely close to each other. 



d^ 



B 



X 






\dac 



y 

J 



Fig. 91. 

If dB is the angle subtended at the centre by the 
element ds vyhich is also an arc of the circle 
ds = 'S.dQ 



or E = 



de 



(1) 



The quantity -B-f = x) ^^ called the curvature of 

the curve at the point P. 

To get equation (1) in terms of ordinary or 
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rill 

Cartesian co-ordinates we put tan 6 = -j- (see § 4) 

and differentiating with regard to a; 
d (tan 6 ) d /.dy\ 



ds ds \dx) 

dtan 6 de _ _d /d^\ das (*) 
do ' ds ~ dx \dxj ' ds 



« a dS d^y n 

1.6. sec' . ~- = _£ . cos 6 
ds dx^ 

1 1 d^y 

'■^- o5s^ ■ 1 = S^ • °°^ ^ 

i-l-S--^^ ... (2) 

.. dx dx 1 

now cos 6 = -r- 



.: cos' 6 = 



ds Jdx-' + dy' Vl + (-T 

(vrT(i)T=Mi)7 



putting this in equation (2) we get 

E ~ t /^.«\2u • • • v>3; 



{' - my 



We stated on p. 210 that when a curve such as 

the form of a slightly deflected beam is very flat, its 

1 d^v 
curvature is given approximately by — = ■=-^; we 

ix ax 

can see from (3) that this is the case because for a 
very flat curve the slope -^ will be very small, and 

CvX 

* On each side here we have au example of — = __ . — E 

dx ay da- 
te 83]. 
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if we neglect it altogether we get the result _ = — ^ 

E dx^. 

Example of a Paeabola. — Take the case of the 

parabola y = 8a;^ and find the radius of curvature at 

the origin and for the value of a; = 2. 

T ,, . dy dQx^ 

In this case -j- = -t— = 16a;, 






16, 



1 16 



• ■ E - {1 + 256x^]i' 

{1 + 256a;2}* 

^= 16 - 

At the origin where x = this gives E = J^; 

at the point where x = 2 

^ (1 + 1024)1 

^= 16 

32' 
= -j^ nearly 

= 2048. 
We shall give other applications later in considering 
some special curves. 

§ 67. The Length of Curved Outlines. — Ee- 
ferring to Fig. 91, we see that if we assume that the 
length of a very short piece ds of the curve is equal 
to the length of the chord O'S' we may write for the 
element of curve 

ds^ = dx^ + dy^ 

(^s \^ _ 1 ^ fdy\ 



'■•■©--(I) 



ds 
dx 



= VM|)"} 
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If therefore s is the length of the curve from the 
point A to the point B 

' = i:vRi)T- ■•■•<') 

or taking co-ordinates in the other direction 

• = i:vF(ST}* ■ • • ■ <^) 

We shall have an example of this in dealing with 
the catenary. 

§ 68. The Catenary and the Tractrix.— The 
catenary is the curve in which a uniform cable 
hangs when supporting its own weight only. Its 
equation is of the form 

y = l{e^+e-if (1) 

where a is a constant and it may also be written 
y = a cosh - (2) 

0/ 

*It is usual to write the expression- («» + e"S) as cosh _ 

1 / i «^\ X 

and the expression -gl*" - e"")as sinh -, these being con- 
tracted forms for hyperbolic cosine and hyperbolic sine respec- 
tively, because there is an analogy between these functions with 
reference to a rectangular hyperbola and ordinary trigonmetrical 
functions with reference to a circle. It will be noted that 

cosh'' (~\ - sinh^ l~\ = 1. Values of these functions are 

tabulated on p. 239. 
It follows that 

d cosh X 



dx 



sinh X 



, d sinh X . ■ 

and — = => cosh x. 

dx 

This should be tested by the student. 
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The axis of x is called the directrix in this case. 
This curve has many interesting properties. 
Take first the length of the curve from A to P 
(Fig. 92). 



B\ 


Cahnaryl 


P 


\>A^ 






J) 


\ / 
\ / 


Jrac 



0-«s X 

Pig. 92. 

% = ^l fa _ 1 

da; 2 \a a 



->-N 



= 2-r " 



■•) 



(3) 



(2) = K' 



') 



I / 2 a: 



1 

2 

2i\ 






r 



(4) 



The length of the curve from A to P 
= s 



=i:v-(S)'- 
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I 



i dx 



= I i (fi» + e~« j dx 

= lt^-^'"]; (^^ 

The expression vanishes at the lower limit, for 
= 1. 

•■■^-^(d-e-i) (6) 

= a sinh ( - j (7) 

Going back to equation (3) we see that 

Referring to the figure, we note that 

_? = tan I 
dx 

Now 1 + tan^ = sec^ 



dw , . PN 



seo^e = 1 + 



.-. sec 6 = ^ (9) 

a 

Now draw NQ perpendicular to the tangent PS. 
Then NSP = e = ^ - SPN = PNQ, 

.-. QN = a (10) 

Also ^ = tan ^ = J 
QN dx 

.-. PQ = a ^ = s [from (8)]. 
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If, therefore, a string PQ held taut were 
wrapped round the catenary, Q would describe a 
curved path shown in dotted lines, and the point Q 
would come to the vertex A because PQ = s ; this 
path is called the tractrix. 

When two curves are so related that the second 
is the locus of the end of a string as it is unwound 
from the first, the second curve is called an involute 
of the first, so that the tractrix is an involute of the 
catenary. 

We notice also that QN is tangential to the tractrix 
because it is at right angles to PQ and the instantan- 
eous path of Q is perpendicular to PQ, and we have 
proved that its length is equal to a which is constant. 
The tractrix therefore has the property that its 
tangent is of constant length [see p. 179]. 

The tractrix gets its name from the fact that it is 
the curve moved through by a body placed at A and 
connected by a string of length a which is moved 
along ON so slowly that the body acquires no 
momentum — or the body may be supposed 
" rough ". 

Pboof that a CabiiB Hangs in the Poem of a 
Catbnaby. — Consider the equilibrium of a portion PA 
(Fig. 93) of thcicable of length s ; there are three forces 
acting on it, viz. a horizontal tension T„ at A, a 
tangential tension T at P, and a weight ws, s being 
the length of the cable from A to P, and w being the 
weight per unit length of the cable, the weight being 
assumed constant. 

Then clearly from the triangle of forces aba 

ws = T„ tan = T, £ 



224 



CAiidlfLtfS FOE ENGINEBBS' [CH. X. 



dy 
■ dx 


ws 


i.e. s 


wdx 




dy 
= "'-dx 



(1) 



a being a constant because T° and w are both con- 
stant. 




O 

Pig. 93. 
But we have already shown in equation (8) that 
this relation holds for the catenary, so that the 
catenary is a curve fulfilling the necessary conditions 

of stability of the cable. 

T„ 
We also see that since a = — , the horizontal ten- 
sion T„ at A is w . AO. 
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Now consider the tension T at the point P. 

It follows from the triangle of forces that 

T 

^ = sec 6, 

PN w 
but from Fig. 92, seo 6 = q^ = ~ 

■ T=^ 
a 

wa . y 

~ a 

= wtj. 

The tension therefore at any point of the cable is 
equal to the weight per unit length of the cable multi- 
plied by the distance from the point to the directrix 
of the catenary. 

Engineers usually regard the catenary as a trouble- 
some curve to deal with in cable problems because 
if the span and dip are given the calculation of a, 
which is necessary before the curve can be drawn, is 
not obvious. 

With the aid of tables of hyperbolic functions 
in the appendiK, however, we can find a as follows ; — 

If I is the span of the cable and d is the dip, 

y = a + d when a; = „ 

I 
.: a + d = a cosh yr- 
Aa 

•■•«2^ = ^ 

1 + ^ . z = cosh z. 
If 

15 
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z can then be found as follows by plotting from the 
tables : a catenary y = cosh z (Fig. 94). Take for 

instance ~j~ = 10. 
a 

Then f = ^,= -2 
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Pig. 94. 



9 t-0 



.-. draw the straight line t/ = 1 + -23 starting from 
the point 2/ = 1 as shown. 

The straight line outs the catenary at 2 = -43 

.•.^=-42ora=4 = l-19Z. 
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If we are given the length 2s and span I and not 
the dip we use the relation 

s == a sinh — 
a 

= a sinh - 
a 

s a . , I 
I.e. T = 1 sinh - 

or ii -, = b and - = z 
I a 

bz = sinh z 

b is given and so by plotting a curve of sinh z and 
drawing upon it the line representing bz we can find 
the solution in a similar manner. 

§ 69. Envelopes, Evolutes, and Involutes. — The 
envelope of a series of curves of the same family, 
i.e. those obeying the same kind of law, may 
be defined as the locus of the points of intersection 
of the curves when such curves are infinitely close ; 
it may be regarded as the boundary curve within 
or without which all the particular curves of the 
family lie. 

A familiar example of this arises in the case of the 
geometrical construction shown in Fig. 95 for the 
parabola. The sides of the triangle are divided up 
into an equal number of parts and joined across as 
shown ; the greater the number of parts, the nearer 
will the path of the successive intersection ap- 
proach to the parabola which is thus the envelope 
of this particular famUy of straight lines. 

There is also an example of envelopes in the case of 
the bending moment and shear diagrams for a rolling 
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load upon a beam which will be found described in 
text-books upon the theory of structures. 

The evolute of a curve is the locus or path of its 
centre of curvature. The circle is the curve whose 
centre of curvature is fixed so that the evolute of a 
circle is a fixed point, viz. the centre of the circle. 

The centre of curvature may be regarded as the 
intersection of successive normals since the centre of 




Fio. 95. 

curvature is the ultimate point of intersection of two 
close normals, the evolute is the envelope of the 
normals to the given curve. The normals to the 
original curve are therefore the tangents to the 
evolute. 

An involute of any given curve is the locus of 
points obtained by marking along the tangent to the 
curve at any point a length equal to the length of 
the curve from some fixed point upon it. We have 
already had an example of this in the case of the 
traotrix. If a curve A be the evolute of a curve B, 
B will be an involute of A. 

A curve has an infinite number of involutes, one 
corresponding to each fixed point on the curve. 
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As a more practical definition of an involute, we 
may imagine a string to be wrapped round the given 
curve and a pencil fixed to a point along the string; 
if the string then be unwound while being kept 
taut, the pencil will draw an involute of the curve. 

The original curve is the evolute of all its involutes. 

The Cibcdlae Involute. — The involute which 
has the greatest practical application is the circular 
involute which is used for the shape of gear wheel 
teeth, if we start unwinding at the point A (Fig. 96) 
we get the curve AQa;, so that if SQ is the tangent 
to the circle at a point S, the length SQ will be equal 
to the arc AS. 




Fig. 96. 

Since we take the starting-point A at any point 
on the curve there must be, as we have already stated, 
an infinite number of involutes to every curve, and 
in the case of the circle all the involutes will have 
the same shape. 

At any point Q of the involute the centre of 
curvature is the corresponding point S on the circle 
because S is the instantaneous centre of movement 
of the string. We have already shown on p. 216, that 
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E ds' 
The radius of curvature E in this case = SQ = length 
of arc AS = r</). Note also that the angle QTU 
through which the tangent to the involute has moved 
is also equal to <j) 

.'. ds = Bd(f> = r<jid<f} 
When r is the radius of the circle 

.-. s = length of arc AQ of the involute 






r 

I: 



The constant of integration is zero because the 
curve starts from A where <j> is zero. 




Fig. 97. 

Application to Gbae Teeth. — It is shown in 
books upon mechanism that for two tooth outlines 
to gear accurately their common normal must pass 
through a fixed point called the "pitch point ". Let 
E, Ej (Fig. 97) be the radii of the " pitch circles " of 
the wheels ; let r„, r, be the radii of circles called 



" base circles " which are so related that -? 

E 



.11 
E/ 
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so that their common tangent SS' passes through the 
pitch point P. 

Let the outlines TT^ be involutes of these base 
circles ; then it is clear from the figure that SS' is 
the common normal to the two curves at the point of 
contact J of the two teeth and SS' passes through 
the pitch point P, so that the involute fulfils the 
necessary condition for gear teeth. 

§ 70. Cycloids. — The cycloids are a series of 
curves which also arise in problems of toothed 
gearing. 

The cycloid is the curve traced out by a point upon 
a circle which rolls without slip upon a straight 
line. 

Eef erring to Fig. 98, if r is the radius of the 



Cyc/oid 




Pig. 98. 

rolling circle, the point P will describe the cycloid 
AOB, the base AB of which will be equal to ^-n-r, the 
circumference of the circle. 

Take any position of the rolling circle. 
Then the arc PN must be equal to the length AN 
if no slip occurs. 

AN = ra 
MP = 1/ = ON + OQ = r + r cos (180 - a) 
y = r{l - cos a) . . ■ ■ (1) 
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MN = PQ = r sin (180 - a) = r sin a 
.-. AM = a; = AN - MN 
a; = r (a - sin a) . . . . (2) 
Let PT be the tangent at the point P, then 



tan = ^ 
dx 




_ dy da _ dy ^ dx 

da ' dx da da' 




^o^^y - d{ril- cos a) 




da da 




r (0 + sin a) = r sin a 


(3) 


dx _ d { r (a - sin a) 
da da 




= r (1 - cos a) 


(4) 


tan e - *■ ^^^ " 




r (1 - cos a) 




- 2 sm- cos ~ 
sin a 2 2 




1 - cos a ~ n . o a 

2 sin'' - 

2 





COS 5 „ 

a=cot5 .... (5) 

a 

sm^ 
but tan e = cot (90 - 6) = cot /TSQ 
.-. /PSQ = |. 

This means that S is on the diameter of the circle. 

This can be seen more simply. Since the circle is 
rolling along AB, its point of contact N is the in- 
stantaneous centre about which the circle is rotating 
so that PN is the normal at P and PS the tangent 
to the curve, and since the angle in a semi-circle 
is a right angle NS must be a diameter of the circle. 
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Length of Abo of Cycloid. — We have shown on 
p. 219 that 

ds'^ = dx'^ + dy^ 



■■■ m 



i^',/^'u%' 



= r^ (1 - cos a)^ + r^ sin^ a 

= r^ (1 - 2 cos a + coa^ a + sin^ a) 

= j-2 (2" - 2 cos a) because sin^ a + cos^ a = 1 

= 2r2 (1 - cos a) 



(6) 



= 4r^ sin^ 2 












ds n . a 
— = 2r sm ^ 
da 2 




• 






• 


'. length of arc AP 


= s 


=i: 


2r 


sin 


2^^" 


= - 2r 2 cos 


'2. 










= - 2r(2 cos 


a 

2 ~ 


^) 








•= 4r ( 1 - cos 


s 


• 









(7) 

.•. Length of whole curve AB for which a = 360° 

= 4r-{l - (- 1)} = 8r . . . (8) 
Eadius of Cuevatueb of Cycloid. — 
ds 

ds da „ . a de 
^Ta-de^^'^'^^^da [^'^°'^ (6)]- 

fX 

Now we have shown that ^ = 90 - „ 
and J- = - -i 
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.-. E = - 2r cos e -^ i 
= - dr cos 6 
= - 2- 2r cos PNS 
= -2PN ... (9) 

The sign may be adjusted by convention ; note 
that either sign may be attached to formula (6). 

The Teichoid. — The path generated by some 
point fixed relatively to the circle but not situated 
on the circumference is called a trochoid. If the 
point is outside the circle, the trochoid has loops, 
as shown in Fig. 99. 

Epicycloid and Hypocycloid. — When a circle 



— Jrochoid 
Cucloid --■.. 




Fig. 99. 

rolls outside another circle without slipping, the re- 
sulting curve is called an epicycloid, while if it rolls 
inside, it is called a hypocycloid. The curves are 
shown on Fig. 100. 

If the radius E of the main circle is an exact 
multiple (2, 3, 4, etc.) of the radius r of the rolling 
circle, the curves will repeat as the rolling circle con- 
tinues to roll more than once round the main circle. 
If the rolling circle has a radius equal to half that of 
the main circle, the hypocycloid becomes the dia- 
meter. This can be proved from Fig. 101 in which A 
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represents the starting-point and OP represents any 
given position of the diameter of the rolling circle. 



ticyclcid 




Fig. 100. 
Then if /AOP = 61, /QSP = 2(9 because the 
p. 




Fig. 101. 



angle at the centre of a circle is twice that at the 
circumference. 
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Now arc AP = E^ 
and arc QP = r .20, so since E = 2r 
are AP = arc PQ 
.■. Q which is on the diameter AB is also on the 
hypocycloid. 

Application to Toothed Gbaeing. — Eeferring to 
Pig. 102, let the pitch circles APB and CPD touch 
at P and let ab and cd be portions of hypocycloidal 
and epicycloidal tooth outlines touching at Q, the' 
common rolling circle being QPE. 

ab is the curve for rolling upon APB and dc is 
that for rolling upon CPD. At the instant, the circle 




'C D^ 

Fia. 102. 

QPE is rolling outside CPD and inside APB and the 
direction of each curve must be normal to the line 
QP because this circle is rolling about P as an instan- 
taneous centre. 

The two curves therefore fulfil the necessary con- 
dition t^at the common normal shall pass through 
the pitch point P. 

These outlines determine only the root of one tooth 
and the point of the other; the other portions of 
each teeth can be obtained similarly but need not 
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necessarily have the same radius of rolling circle as 
the first portions. 

Gyoloidal teeth are now seldom used in practice. 

EXEECISES 10. 

1. Find the radius of curvature at the point x = l 
ot the curve y^ = x^. 

2. Find the radius of curvature of the ellipse 

3. Find the radius of curvature at the point a; = 2 
of the hyperbola xy = 4. 

4. Find the radius of curvature of the catenary 

y = a cosh -. 
a 

5. Find the radius of curvature of the cubic para- 
bola ay^ = x^. 

6. Find an expression for the length of the curve 

xi + yi = ai. 

7. Find the length of the curve 9 ay^ = ia^ start- 
ing from the point x = o. 

8. Draw a curve y = sinh x and find the value of 
a for a cable whose length is twice the span. (See 
p. 226.) 

9. Find the length of the parabola y^ = i ax from 
the vertex. 

10. If E is the radius of the fi.xed circle and r that 
of the rolling circle, show that the co-ordinates of a 
point on the epicycloid may be written : — 

a; = (E -f r) cos a + 6 cos i — i — l „, 
\ r 

y = (R + r) sin a + b sin ^ '- a 

a being the angle turned through by the point of 
contact. 
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ANSWBES TO BXBRGISB8. 

BXBECISBS 10. 

1- -g-= 7-81. 2, - &V. 3, 2,/2. 4. -. 



9. . = Jax + x^ + a log( "^"^ '^ ^"' + '' V 



EXPONENTIAL AND HYPEEBOLIC FUNC- 
TIONS. 



X 


ea: 


e-"^ 


cosh X 


sinh X 





1-000 


1-000 


1^000 





•1 


1-105 


•905 


1^005 


•100 


•2 


1-221 


-819 


1-020 


•201 


•3 


1-350 


•741 


1-045 


•805 


•4 


1-492 


-670 


1-081 


•411 


•5 


1-649 


-607 


1-128 


•521 


•6 


1-822 


-549 


1-185 


•637 


•7 


2-014 


-497 


1-255 


•759 


•8 


2-226 


-449 


1-337 


-888 


■9 


2-460 


•407 


1-483 


1-027 


1-0 


2-718 


-368 


1-548 


1^175 


1-1 


3-004 


333 


1-669 


1^386 


1-2 


3-320 


-301 


1^811 


1^509 


1-3 


3-669 


•273 


1^971 


1^698 


1-4 


4-055 


•247 


2-151 


1^904 


1-5 


4-482 


•228 


2-352 


2^129 


1-6 


4-953 


-202 


2-577 


2-376 


1-7 


5-474 


-183 


2-828 


2-646 


1-8 


6-050 


-165 


3-107 


2-942 


1-9 


6-686 


-150 


3-418 


3-268 


2-0 


7-389 


-135 


3-762 


3-627 


2-1 


8-166 


•122 


4^144 


4-022 


2-2 


9-025 


•111 


4^568 


4-457 


2-3 


9-974 


•100 


5^037 


4-937 


2-4 


11-023 


-091 


5^557 


5-466 


2-5 


12-182 


•082 


6^132 


6-050 
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HYPEEBOLIG LOGAEITHMS OP NUMBBES 
FEOM 1 TO 50. 



No. 


Log. 


No. 


Log. 


No. 


Log. 


No. 


Log. 


1-00 


•0000 


1^40 


•3365 


1^80 


•5878 


2^20 


■7885 


1-01 


•0099 


1-41 


•8436 


1^81 


•5983 


2-21 


•7930 


1-02 


•0198 


1^42 


•8507 


1^82 


•5988 


2^22 


•7975 


1-03 


•0296 


1^43 


•3577 


1^83 


•6043 


2-23 


•8020 


1-04 


•0392 


1-44 


•3646 


1^84 


•6098 


2^24 


•8065 


1-05 


■0488 


1-45 


•8716 


1^85 


•6152 


2^25 


•8109 


1-06 


•0583 


1^46 


•8784 


1^86 


•6206 


2^26 


•8154 


1-07 


•0677 


1^47 


•8858 


1^87 


•6259 


2^27 


•8198 


1-08 


•0770 


1^48 


•8920 


1^88 


•6313 


2^28 


•8242 


1-09 


•0862 


1-49 


•3988 


1-89 


•6366 


2^29 


•8286 


1-10 


•0953 


1^50 


•4055 


1^90 


•6419 


2^30 


•8329 


1-11 


•1044 


1^51 


•4121 


1^91 


•6471 


2-31 


•8372 


1-12 


•1133 


1^52 


•4187 


1^92 


•6523 


2^32 


•8416 


1-13 


•1222 


1^53 


•4258 


1^93 


•6575 


2-83 


•8458 


1-14 


•1310 


1^54 


•4818 


1-94 


•6627 


2^84 


•8502 


1-15 


•1398 


1^55 


•4883 


1^95 


•6678 


2^35 


•8544 


1-16 


•1484 


1-56 


•4447 


1-96 


•6729 


2^36 


•8587 


1-17 


•1570 


1-57 


•4511 


1^97 


•6780 


2^37 


•8629 


1-18 


•1655 


1^58 


•4574 


1^98 


•6831 


2^38 


•8671 


1-19 


•1740 


1^59 


•4637 


1^99 


•6881 


2^39 


•8718 


1-20 


•1833 


1^60 


•4700 


2^00 


•6931 


2^40 


•8755 


1-21 


•1906 


1-61 


•4762 


2^01 


•6981 


2^41 


•8796 


1-22 


•1988 


1^62 


•4824 


2-02 


•7031 


2^42 


•8838 


1-23 


•2070 


1^63 


•4886 


2^08 


•7080 


2^43 


•8879 


1-24 


•2151 


1^64 


•4947 


2-04 


•7129 


2^44 


•8920 


1-25 


•2231 


1^65 


•5008 


2^05 


•7178 


2^45 


•8961 


1-26 


•2311 


1^66 


•5068 


2^06 


•7227 


2-46 


•9002 


1-27 


•2390 


1'67 


•5128 


2^07 


•7275 


2-47 


•9042 


1-28 


•2469 


1^68 


•5188 


2^08 


•7324 


2-48 


•9083 


1-29 


•2546 


1^69 


•5247 


2^09 


•7372 


2^49 


•9128 


1-30 


•2624 


1^70 


•5306 


2^10 


•7419 


2^50 


•9163 


1-31 


•2700 


1-71 


•5865 


2^11 


•7467 


2-51 


•9208 


1-82 


•2776 


1^72 


•5423 


2^12 


•7514 


2^52 


•9243 


1-33 


•2852 


1^73 


•5481 


2^13 


•7561 


2^53 


•9282 


1-34 


•2927 


1^74 


•5539 


T2^14 


•7608 


2^54 


•9822 


1-35 


•3001 


1-75 


•5596 


2^15 


•7655 


2^55 


•9361 


1'36 


•3075 


1^76 


•5653 


2^16 


•7'701 


2^56 


•9400 


1-37 


•8148 


1-77 


•5710 


2^17 


•7747 


2^57 


•9439 


1-88 


•3221 


1-78 


•5766 


2^18 


•7793 


2^58 


•9478 


1-39 


•3293 


1^79 


•5822 


2-19 


■7839 


2^59 


•9517 
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No. 


Log. 


No. 


Log. 


No. 


Log. 


No. 


Log. 


2-60 


•9555 


3^04 


1-1119 


3-48 


1-2470 


3-92 


1-3661 


2-61 


■9594 


3^05 


1-1151 


8-49 


1-2499 


3-93 


1-3686 


2-62 


•9632 


3^06 


1-1184 


3-SO 


1-2528 


3-94 


1-3712 


2-63 


•9670 


3-07 


1-1217 


3^51 


1-2556 


3-95 


1-3737 


2-64 


•9708 


3^08 


1-1249 


3^52 


1-2585 


3-96 


1-3762 


2-65 


•9746 


3-09 


1-1282 


3-53 


1-2613 


3-97 


1-3788 


2-66 


•9788 


3-10 


1^1314 


3^54 


1-2641 


3-98 


1-3813 


2-67 


•9821 


3-11 


1-1346 


3-55 


1-2669 


8-99 


1-3838 


2-68 


•9858 


3-12 


1-1878 


8-56 


1-2698 


4-00 


1-3868 


2-69 


•9895 


3-13 


1-1410 


8-57 


1-2726 


4-01 


1-8888 


2-70 


•9933 


3-14 


1-1442 


8-58 


1-2754 


4-02 


1-3913 


2-71 


•9969 


3-15 


1-1474 


3-59 


1-2782 


4-08 


1-3938 


2-72 


i^oooe 


8-16 


1-1506 


3-60 


1-2809 


4-04 


1-3962 


2-73 


1^0043 


3-17 


1^1537 


8-61 


1-2837 


405 


1-3987 


2-74 


l^OOSO 


3-18 


1-1569 


3-62 


1-2865 


406 


1-4012 


2-75 


i^oiie 


3-19 


1-1600 


8-63 


1^2892 


4-07 


1-4036 


2-76 


1-0152 


3-20 


1-1632 


3-64 


1^2920 


4-08 


1-4061 


2-77 


1-0188 


3-21 


1-1663 


8-65 


1^2947 


4-09 


1-4085 


2-78 


1-0225 


3-22 


1-1694 


3-66 


1^2975 


4-10 


1-4110 


2-79 


1-0260 


3-23 


1-1725 


3-67 


1^3002 


4-11 


1-4134 


2-80 


1-0296 


3-24 


1-1756 


3-68 


1^3029 


4-12 


1-4159 


2-81 


1-0332 


3-25 


1-1787 


3-69 


1-3056 


4-13 


1-4183 


2-82 


1-0367 


3-26 


11817 


3-70 


1-3083 


4-14 


1-4207 


2-83 


1-0403 


3-27 


1-1848 


3-71 


1-8110 


4-15 


1-4231 


2-84 


1-0438 


3-28 


1-1878 


3-72 


1-8137 


4-16 


1-4255 


2-85 


1-0473 


3-29 


1-1909 


3-73 


1-3164 


4-17 


1-4279 


2-86 


1-0508 


3-30 


1-1939 


3-74 


1-3191 


4-18 


1-4303 


2-87 


1-0543- 


.3-31 


1-1969 


3-75 


1^3218 


4-19 


1-4327 


2-88 


1-0578 


3-32 


1-1999 


3-76 


1^8244 


4-20 


1-4851 


2-89 


1-0613 


3-33 


1^2030 


3-77 


1-3271 


4-21 


1-4375 


2-90 


1-0647 


3-34 


1^2060 


3-78 


1-3297 


4-22 


1-4398 


2-91 


1-0682 


3-35 


1^2090 


3-79 


1-3324 


4-23 


1-4422 


2-92 


1-0716 


3-36 


1^2119 


3-80 


1-3350 


4-24 


1-4446 


2-93 


1-0750 


3-37 


1^2149 


3-81 


1-3376 


4-25 


1-4469 


2-94 


1-0784 


3^38 


1^2179 


3-82 


1-8403 


4-26 


1-4493 


2-95 


1-0813 


3^39 


1-2208 


3-83 


1-3429 


4-27 


1-4516 


2-96 


1-0852 


3-40 


1-2288 


3^84 


1-3455 


4-28 


1-4540 


2-97 


1-0886 


3^41 


1-2267 


3-85 


1-3481 


4-l;9 


1-4563 


2-98 


1-0919 


3^42 


1-2296 


3-86 


1^3507 


4^30 


1^4586 


2-99 


1^0953 


3^43 


1-2326 


8-87 


1^3533 


4^81 


1^4609 


3-00 


1-0986 


3^44 


1-2365 


8-88 


1^3558 


4-32 


1^4683 


3-01 


1-1019 


8^45 


1-2384 


8-89 


1^3584 


4 •38 


1-4656 


3-02 


1-1053 


3^46 


1-2413 


3-90 


1-3610 


4^34 


1-4679 


3-03 


1-1086 


3^47 


1-2442 


3-91 


1-3635 


4^85 


1-4702 



10 
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CALCULUS FOR ENGINEERS 



No. 


Log. 


No. 


Log. 


No. 


Log. 


No, 


iog. 


4-36 


1-4725 


4-80 


1-5686 


5-24 


1-6563 


5-68 


1-7370 


4-37 


1-4748 


4-81 


1-5707 


5-25 


1-6582 


5-69 


1-7387 


4-38 


1-4770 


4-82 


1-5728 


5-26 


1-6601 


5-70 


1-7405 


4-89 


1-4793 


4-83 


1-5748 


5-27 


1-6620 


5-71 


1-7422 


4'40 


1-4816 


4-84 


1-5769 


5-28 


1-6639 


5-72 


1-7440 


4-41 


1-4889 


4-85 


1-5790 


5-29 


1-6658 


5-73 


1-7457 


4-42 


1.-4861 


4-86 


1-5810 


5-30 


1-6677 


5-74 


1-7475 


4-43 


1-4884 


4-87 


1-5881 


5-31 


1-6696 


5-75 


1-7492 


4-44 


1-4907 


4-88 


1-5851 


5-82 


1-6715 


5-76 


1-7509 


4-45 


1-4929 


4-89 


1-5872 


5-38 


1-6734 


5-77 


1-7527 


4-46 


1-4951 


4-90 


1-5892 


5-34 


1-6752 


5-78 


1-7544 


4-47 


1-4974 


4-91 


1-5913 


5-35 


1-6771 


5-79 


1-7561 


4-48 


1-4996 


4-92 


1-5933 


5-36 


1-6790 


5-80 


1-7579 


4-49 


1-5019 


4-93 


1-5958 


5-37 


1-6808 


5-81 


1-7596 


4-50 


1-5041 


4-94 


1-5974 


5-88 


1-6827 


5-82 


1-7618 


4-51 


1-5063 


4-95 


1-5994 


5-39 


1-6845 


5-83 


1-7630 


4-52 


1-5085 


4-96 


1-6014 


5-40 


1-6864 


5-84 


1-7647 


4-53 


1-5107 


4-97 


1-6084 


5-41 


1-6882 


5-85 


1-7664 


4-54 


1-5129 


4-98 


1-6054 


5-42 


1-6901 


5-86 


1-7681 


,4-55 


1-5151 


4-99 


1-6074 


5-48 


1-6919 


S-87 


1-7699 


4-S6 


1-5178 


5-00 


1-6094 


5-44 


1-6938 


5-88 


1-7716 


4-57 


1-5195 


5-01 


1-6114 


5-45 


1-6956 


5-89 


1-7733 


4-58 


1-5217 


5-02 


1-6134 


5-46 


1-6974 


5-90 


1-7750 


4-59 


1-5239 


5-03 


1-6154 


5-47 


1-6993 


5-91 


1-7766 


4-60 


1-5261 


5-04 


1-6174 


5-48 


1-7011 


5-92 


1-7783 


4-61 


1-5282 


5-05 


1-6194 


5-49 


1-7029 


5-93 


1-7800 


4-62 


1-5304 


5-06 


1-6214 


5-50 


1-7047 


5-94 


1-7817 


4-63 


1-5326 


5-07 


1-6233 


5-51 


1-7066 


•5-95 


1-7834 


4-64 


1-5347 


5-08 


1-6253 


5-52 


1-7084 


5-96 


1-7851 


4-65 


1-5369 


5-09 


1-6273 


5-53 


1-7102 


5-97 


1-7867 


4-66 


1-5390 


5-10 


1-6292 


5-54 


1-7120 


5-98 


1-7884 


4-67 


1-5412 


5-11 


1-6312 


5-55 


1-7138 


5-99 


1-7901 


4-68 


1-5433 


5-12 


1-6332 


5-56 


1-7156 


6-00 


1-7918 


4-69 


1-5454 


5-13 


1-6351 


5-57 


1-7174 


6-01 


1-7934 


4'70 


1-5476 


5-14 


1-6371 


5-58 


1-7192 


6-02 


1-7951 


4-71 


1-5497 


5-15 


1-6390 


5-59 


1-7210 


6-03 


1-7967 


4-72 


1-5518 


5-16 


1-6409 


5-60 


1-7228 


6-04 


1-7984 


4-73 


1-5539 


5-17 


1-6429 


5-61 


1-7246 


6-05 


1-8001 


4'74 


1-5560 


5-18 


1-6448 


5-62 


1-7263 


6-06 


1-8017 


4-75 


1-5581 


5-19 


1-6467 


5-63 


1-7281 


6-07 


1-8034 


4-76 


1-5602 


5-20 


1-6487 


5-64 


1-7299 


6-08 


1-8050 


4-77 


1-5623 


5-21 


1-6506 


5-65 


1-7317 


6-09 


1-8066 


4-78 


1-5644 


5-22 


1-6525 


5-66 


1-7334 


6-10 


1-8083 


4-79 


1-5665 


5-23 


1-6544 


5-67 


1-7352 


6-11 


1-8099 



HYPERBOLIC LOGAEITHMS 
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No. 


Log. 


No. 


Log. 


No. 


Log. 


No. 


Log. 


6-12 


1-8116 


6 56 


1-8810 


7-00 


1-9459 


7-44 


2-0069 


6-13 


1'8132 


6-57 


1-8825 


7-01 


1-9473 


7-45 


2-0082 


6-14 


1-8148 


6-58 


1-8840 


7-02 


1-9488 


7-46 


2-0096 


6-15 


1-8165 


6-59 


1-8856 


7-03 


1-9502 


7-47 


2-0109 


616 


1-8181 


6-60 


1-8871 


7-04 


1-9516 


7-48 


2-0122 


6-17 


1-8197 


6-61 


1-8886 


7-05 


1-9530 


7-49 


2-0136 


6-18 


1-8213 


6-62 


1-8901 


7-06 


1-9544 


7-50 


2-0149 


6-19 


1-8229 


6-68 


1-8916 


7-07 


1-9559 


7-51 


2-0162 


6-20 


1-8245 


6-64 


18931 


7-08 


1-9573 


7-52 


2-0176 


6-21 


1-8262 


6-65 


1-8946 


7-09 


1-9587 


7-58 


2-018,, 


6-22 


1-8278 


6-66 


1-8961 


7-10 


1-9601 


7-54 


2-0202 


6-23 


1-8294 


6-67 


1-8976 


7-11 


1-9615 


7-55 


2-0215 


6-24 


1-8310 


6-68 


1-8991 


7-12 


1-962J 


7-56 


2-0229 


6-25 


1-8326 


6-69 


1-9006 


7-13 


1-9648 


7-57 


2-0242 


6-26 


18342 


6-70 


1-9021 


7-14 


19657 


7-58 


2-0255 


6-27 


1-8358 


6-71 


1-9036 


7-15 


1-9671 


7-59 


2-0268 


6-28 


1-8374 


6-72 


1-9051 


7-16 


1-9685 


7-60 


2-0281 


6-29 


1-8390 


6-78 


1-9066 


7-17 


1-9699 


7-61 


20295 


6-30 


1-8405 


6-74 


1-9081 


7-18 


1-9713 


7-62 


2-0308 


6-81 


1-8421 


6-75 


1-9095 


7-19 


1-9727 


7-63 


2-0321 


6-32 


1-8437 


6-76 


1-9110 


7-20 


1-9741 


7-64 


2-0334 


6-33 


1-8453 


6-77 


1-9125 


7-21 


1-9755 


7-65 


2-0347 


6-34 


1-8469 


6-78 


1-9140 


7-22 


1-9769 


7-66 


2-0860 


6-35 


1-8485 


6-79 


1-9155 


7-23 


1-9782 


7-67 


2-0378 


6-36 


1-8500 


6-80 


1-9169 


7-24 


1-9796 


7-68 


2-0386 


6-37 


1-8516 


6-81 


1-9184 


7-25 


1-9810 


7-69 


2-0399 


6-38 


1-8532 


6-82 


1-9199 


7-26 


1-9824 


7-70 


2-0412 


6-39 


1-8547 


6-83 


1-9213 


7-27 


1-9838 


7-71 


2-0425 


6-40 


1-8563 


6-84 


1-9228 


7-28 


1-9851 


7-72 


2-0438 


6-41 


1-8579 


6-85 


1-9242 


7-29 


1-9865 


7-73 


2-0451 


6-42 


1-8594 


6-86 


1-9257 


7-30 


1-9879 


7-74 


2-0464 


6-43 


1-8610 


6-87 


1-9272 


7-31 


1-9892 


7-75 


2-0477 


6-44 


1-8625 


6-88 


1-9286 


7-32 


1-9906 


7-76 


2-0490 


6-45 


1-8641 


6-89 


1-6301 


7-33 


1-9920 


7-77 


2-0508 


6-46 


1-8656 


6-90 


1-9315 


7-34 


1-9933 


7-78 


2-0516 


6-47 


1-8672 


6-91 


1-9380 


7-35 


1-9947 


7-79 


2-0528 


6-48 


1-8687 


6-92 


1-9344 


7-36 


1-9961 


7-80 


2-0541 


6-49 


1-8708 


6-93 


1-9359 


7-3/ 


1-9974 


7-81 


2-0554 


6-50 


1-8718 


6-94 


1-9373 


7-38 


1-9988 


7-82 


2 0567 


6-51 


1-8733 


6-95 


1-9887 


7-89 


2-0001 


7-83 


2-0580 


6-52 


1-8749 


6-96 


1-9402 


7-40 


2-0015 


7-84 


2-0592 


6-53 


1-8764 


6-97 


1-9416 


7-41 


2-0028 


7-85 


2-0605 


6-54 


1-8779 


6-98 


1-9430 


7-42 


2-0042 


7-86 


2-0618 


6-55 


1-8795 


6-99 


1-9445 


7-43 


2-0055 


7-87 


2-0681 



244 



CALCULUS FOE BNGINBEBS 



No. 


Log. 


No. 


Log. 


No. 


Log. 


No. 


Log. 


7-88 


2-0643 


8-32 


2-1187 


8-76 


2-1702 


9-20 


2-2192 


7-89 


2-0656 


8-33 


2-1199 


8-77 


2-l"13 


9-21 


2-2203 


7-90 


2-0669 


8-34 


21211 


8-78 


2-1725 


9-22 


2-2214 


7-91 


2-0681 


8-35 


2-1223 


8-79 


2-1736 


9-23 


2-2225 


7-92 


2-0694 


8-36 


2-1235 


8-80 


2-1748 


9-24 


2-2235 


7-93 


2 0707 


8-37 


2-1247 


8-81 


2-1759 


9-25 


2-3246 


7-94 


2-0719 


8-38 


2-1258 


8-82 


2-1770 


9-26 


2-2257 


7-95 


2-0732 


8-39 


2-1270 


8-83 


2-1782 


9-27 


2-2268 


7-96 


2-0744 


8-40 


2-1282 


8-84 


2-1793 


9-28 


2-2279 


7-97 


2-0757 


8-41 


2-1294 


8-85 


2-1804 


9-29 


2-2289 


7-98 


2-0769 


8-42 


2-1306 


•8-86 


2-1815 


9-30 


2-2300 


7-99 


2-0782 


8-43 


2-1318 


8-87 


2-1827 


9-31 


2-2311 


8-00 


2-0794 


8-44 


2-1330 


8-88 


2-1838 


9-32 


2-2322 


8-01 


2-0807 


8-45 


2-1342 


8-89 


2-1849 


9-33 


2-2332 


8-02 


2-0819 


8-46 


2-1353 


8-90 


2-1861 


9-34 


2-2343 


8-03 


2-0832 


8-47 


21365 


8-91 


2-1872 


9-35 


2-2354 


8-04 


2-0844 


8-48 


2-1377 


8-92 


2-1883 


9-36 


2-2364 


805 


2-0857 


8-49 


2-1389 


8-93 


2-1894 


9-37 


2-2375 


8-06 


20869 


8-50 


2-1401 


8-94 


2-1905 


9-38 


2-2386 


8-07 


2-0882 


8-51 


2-1412 


8-95 


2-1917 


9-39 


2-2396 


8-08 


2-0894 


8-52 


2-1424 


8-96 


2-1928 


9-40 


2-2407 


8-09 


2-0906 


8-53 


2-1436 


8-97 


2-1939 


9-41 


2-2418 


8-10 


2-0919 


8-54 


2-1448 


8-98 


2-1950 


9-42 


2-2428 


8-11 


2-0931 


8-55 


2-1459 


8-99 


2-1961 


9-43 


2-2489 


8-12 


2-0943 


8-56 


2-1471 


9-00 


2-1972 


9-44 


2-24S0 


8-13 


2-0956 


• 8-57 


21483 


9-01 


2-1983 


9-45 


2-2460 


8-14 


2-0968 


8-58 


21494 


9-02 


2-1994 


9-46 


2-2471 


8-15 


2-0980 


8-59 


2-1506 


9-03 


2-2006 


9-47 


2-2481 


8-16 


2-0992 


8-60 


2-1518 


9-04 


2-2017 


9-48 


2-2492 


8-17 


2 1005 


8-61 


2-1529 


905 


3-2028 


9-49 


2-2502 


.8-18 


2-1017 


862 


2-1541 


9-06 


2-2039 


9-50 


2-2513 


8-19 


2-1029 


8-63 


2-1552 


9-07 


2-2050 


9-51 


2-2523 


8-20 


2-1041 


8-64 


2-1564 


9 08 


2-2061 


9-52 


2-2534 


8-21 


2-1054 


8-65 


2-1576 


9-09 


2-2072 


9-53 


2-2544 


8-22 


2-1066 


8-66 


2-1587 


9-10 


2-2083 


9-54 


2-2555 


8-23 


2-1078 


8-67 


2-1599 


9-11 


2-2094 


9-55 


2-2565 


8-24 


2-1090 


8-68 


2-1610 


9-12 


2-2105 


9-56 


2-2576 


8-25 


2-1102 


8-69 


2-1622 


9-13 


2-2116 


9-57 


2-2586 


8-26 


2-1114 


8-70 


2-1633 


9-14 


2-2127 


9-58 


2-2597 


8-27 


2-1126 


8-71 


2-1645 


9-15 


2-2138 


9-59 


2-2607 


8-28 


2-1138 


8-72 


2-1656 


9-16 


2-2148 


9-60 


2-2618 


8-29 


2-1150 


8-73 


2-1668 


9-17 


2-2159 


9-61 


2-2628 


8-30 


2-1163 


8-74 


2-1679 


9-18 


2-2170 


9-62 


2-2638 


8-31 


2-1175 


8-75 


2-1691 


9-19 


2-2181 


9-63 


2-2649 



HTPBBBOLIO LOGARITHMS 



245 



No. 


Log. 


No. 


Log. 


No. 


Log. 


No. 


Log. 


9-64 


2-2659 


9-89 


2-2915 


13-50 


2-6027 


29-00 


3-3673 


9-65 


2-2670 


9-90 


2-2925 


13-75 


2-6211 


30-00 


3-4012 


9-66 


2-2680 


9-91 


2-2985 


14-00 


2-6391 


31-00 


8-4340 


9-67 


2-2690 


9-92 


2-2946 


14-25 


2-6567 


32-00 


3-4657 


9-68 


2-2701 


9-93 


2-2956 


14-50 


2-6740 


83-00 


3-4965 


9-69 


2-2711 


9-94 


2-2966 


14-75 


2-6918 


84-00 


3-5268 


9-70 


2-2721 


9-95 


2-2976 


15-00 


2-7081 


35-00 


8-5553 


9-71 


2-2732 


9-96 


2-2986 


15-50 


2-7408 


86-00 


3-5835 


9-72 


2-2742 


9-97 


2-2996 


16-00 


2-7726 


37-00 


3-6109 


9-73 


2-2752 


9-98 


2-8006 


16-50 


2-8034 


88-00 


3-6376 


9-74 


2-2762 


9-99 


2-3016 


17-00 


2-8382 


89-00 


3-6636 


9-75 


2-2778 


10-00 


2-3026 


17-50 


2-8621 


40-00 


3-6889 


9-76 


2-2783 


10-25 


2-3279 


18-00 


2-8904 


4100 


8-7136 


9-77 


2-2793 


10-50 


2-3513 


18-50 


2-9173 


42-00 


8-7877 


9-78 


2-2803 


10-75 


2-3749 


19-00 


2-9444 


43-00 


8-7612 


9-79 


2-2814 


11-00 


2-3979 


19-50 


2-9703 


44-00 


8-7842 


9-80 


2-2824 


11-25 


2-4201 


20-00 


2-9957 


45-00 


3-8067 


9-81 


2-2834 


11-50 


2-4430 


21-00 


3-0445 


46-00 


3-8286 


9-82 


2-2844 


11-75 


2-4686 


22-00 


3-0911 


47-00 


8-8501 


9-83 


2-28S4 


12-00 


2-4849 


23-00 


8-1355 


48-00 


8-8712 


9-84 


2-2865 


12-25 


2-5052 


24-00 


3-1781 


49-00 


8-8918 


9-85 


2-2875 
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i-3389 


7-4 


54-76 


405-224 


2-7203 


1-9487 


2-5 


6-25 


15-625 


1-5811 


1-3572 


7-5 


56-25 


421-875 


2-7386 


1-9674 


2-6 


6-76 


17-576 


1-6125 


1-3751 


7-6 


57-76 


488-976 


2-7568 


1-9661 


2-7 


7-29 


19-683 


1-6432 


1-3925 


7-7 


59-29 


456-533 


2-7749 


1-9747 


2-8 


7-84 


21-952 


1-6733 


1-4095 


7-8 


60-84 


474-552 


2-7928 


1-9832 


2-9 


8-41 


24-389 


1-7029 


1-426 


7-9 


62-41 


493-039 


2-8107 


1-9916 


3 


9 


27 


1-7321 


1-4422 


8 


64 


512 


2-8284 


2 


3-1 


9-61 


29-791 


1-7607 


1-4581 


8-1 


65-61 


531-441 


2-846 


2-0083 


3-2 


10-24 


32-768 


1-7889 


1-4736 


8-2 


67-24 


551-368 


2-8636 


2-0165 


3-3 


10-89 


35-937 


1-8166 


1-4888 


8-3 


68-89 


571-787 


2-881 


2-0247 


3-4 


11-56 


39-304 


1-8439 


1-5037 


8-4 


70-56 


592-704 


2-8983 


2-0328 


3-5 


12-25 


42-875 


1-8708 


1-5183 


8-5 


73-25 


614-125 


2-9155 


2-0408 


3-6 


12-96 


46-656 


1-8974 


1-5326 


8-6 


73-96 


636-056 


2-9326 


2-0488 


3-7 


13-69 


50-653 


1-9235 


1-5467 


8-7 


75-69 


658-503 


2-9496 


2-0567 


3-8 


14-44 


54-872 


1-9494 


1-5605 


8-8 


77-44 


681-472 


2-9665 


2-0646 


3-9 


15-21 


59-319 


1-9748 


1-5741 


8-9 


79-21 


704-969 


2-9833 


2-0724 


4 


16 


64 


2 ■ 


1-5874 


9 


81 


729 


3 


2-0801 


4-1 


16-81 


68-921 


2-0249 


1-6005 


9-1 


82-81 


753-571 


3-0166 


2-0878 


4-2 


17-64 


74-088 


2-0494 


1-6134 


9-2 


84-64 


778-688 


3-0332 


2-0954 


4-3 


18-49 


79-507 


2-0736 


1-6261 


9-3 


86-49 


804-357 


3-0496 


2-1029 


4-4 


19-36 


85-184 


2-0976 


1-6386 


9-4 


88-36 


830-584 


3-0659 


2-1105 


4-5 


20-25 


91-125 


2-1213 


1-651 


9-5 


90-25 


857-375 


3-0822 


2-1179 


4-6 


21-16 


97-336 


2-1448 


1-6631 


9-6 


92-16 


884-736 


3-0984 


2-1253 


4-7 


22-09 


103-823 


2-1680 


1-6751 


9-7 


94-09 


912-673 


3-1145 


2-1327 


4-8 


23-04 


110-592 


2-1909 


1-6869 


9-8 


96-04 


941-192 


3-1305 


2-14 


4-9 


24-01 


117-649 


2-2136 


1-6985 


9-9 


98-01 


970-299 


3-1464 


2-1472 


5 


25 


125 


2-2361 


1-71 


10 


100 


1000 


3-1623 


2-1544 


6-1 


26-01 


132-651 


2-2583 


1-7213 


10-1 


102-01 


1030-301 


3-178 


2-1616 


5-2 


27-04 


140-608 


2-2804 


1-7325 


10-2 


104-04 


1061-208 


3-1937 


2-1687 


5-3 


28-09 


148-877 


2-3022 


1-7435 


10-3 


106-09 


1092-727 


3-2094 


2-1757 


5-4 


29-16 


157-464 


2-3238 


1-7544 


10-4 


108-16 


1124-863 


3-2249 


2-1828 


5-5 


30-25 


166-375 


2-3452 


1-7652 


10-5 


110-25 


1157-625 


3-2404 


2-1897 


5-6 


31-36 


175-616 


2-3664 


1-7758 


10-6 


112-36 


1191-016 


3-2558 


2-1967 


5-7 


32-49 


185-193 


2-3875 


1-7863 


10-7 


114-49 


1225-043 


8-2711 


2-2036 


5-8 


33-64 


195-112 


2-4083 


1-7967 


10-8 


116-64 


1259-712 


8-2863 


2-2104 


5-9 


34-81 


205-379 


2-429 


1-807 


10-9 


118-81 


1295-029 


3-8015 


2-2172 
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Table of Squares, Etc 


— Continued. 






No. 


Square. 


Cube. 
1 


Square 
Root. 


Cube 
Root. 


No. 


Square. 


Cube. 


Square 
Root. 


Cube 
Root. 


11 


121 


1381 


3-3166 


2-2289 


16 


256 


4096 


4 


2-5198 


U-1 


123-21 


1367-681 


3-3317 


2-2307 


16-1 


259-21 


4173-281 


4-0125 


2-5251 


11-2 


125-44 


1406-928 


8-3466 


2-2374 


16-2 


262-44 


4251-528 


4-0249 


2-5803 


11-3 


127-69 


1442-897 


3-3615 


2-2441 


16-3 


265-69 


4330-747 


4-0378 


2-5855 


11-4 


129-96 


1481-544 


3-3764 


2-2506 


16-4 


268-96 


4410-944 


4-0497 


2-5407 


11-5 


132-25 


1520-875 


3-8912 


2-2572 


16-5 


272-25 


4492-125 


4-062 


2-5458 


11-6 


134-56 


1560-896 


3-4059 


2-2637 


16-6 


275-56 


4574-296 


4-0748 


2-5509 


11-7 


136-89 


1601-613 


3-4205 


2-2702 


16-7 


278-89 


4657-463 


4-0866 


2-5561 


11-8 


139-24 


1643-032 


8-4351 


2-2766 


16-8 


282-24 


4741-632 


4-0988 


2-5612 


11-9 


141-61 


1685-159 


8-4496 


2-2831 


16-9 


285-61 


4826-809 


4-111 


2-5662 


12 


144 


1728 


3-4641 


2-2894 


17 


289 


4918 


4-1231 


2-571- 


12-1 


146-41 


1771-561 


3-4785 


2-2957 


17-1 


292-41 


5000-211 


4-1352 


2-5763 


12-2 


148-84 


1815-848 


3-4928 


2-3021 


17-2 


295-84 


5088-448 


4-1473 


2-5813 


12-3 


151-29 


1860-867 


3-5071 


2-3084 


17-3 


299-29 


5177-717 


4-1593 


2-5863 


12-4 


153-76 


1906-624 


3-5214 


2-3146 


17-4 


302-76 


5268-024 


4-1713 


2-5913 


12-5 


156-25 


1958-125 


8-5353 


2-3298 


17-5 


306-25 


5359-375 


4-1833 


2-5962 


12-5 


158-76 


2000-876 


3-5496 


2-327 


17-6 


309-76 


5451-776 


4-1952 


2-6012 


12-7 


161-29 


2048-383 


8-5637 


2-3331 


17-7 


813-29 


5545-233 


4-2071 


2-6061 


12-8 


163-84 


2097-152 


3-5777 


2-3391 


17-8 


316-84 


5689-752 


4-219 


2-611 


12-9 


166-41 


2146-689 


8-5917 


2-3458 


17-9 


320-41 


5735-339 


4-2308 


2-6159 


13 


169 


2197 


8-6056 


2-3513 


18 


324 


5832 


4-2426 


2-6207 


13-1 


171-61 


2248-091 


3-6194 


2-3573 


18-1 


327-61 


5929-741 


4-2544 


2-6256 


13-2 


174-24 


2299-968 


3-6332 


2-3633 


18-2 


381-24 


6028-568 


4-2661 


2-6304 


13-8 


176-89 


2352-687 


3-6469 


2-3693 


18-3 


884-89 


6128-487 


4-2778 


2-6352 


18-4 


179-56 


2406-104 


3-6606 


2-3752 


18-4 


338-56 


6229-504 


4-2895 


2-64 


13-5 


182-25 


2460-375 


3-6742 


2-3811 


18-5 


342-25 


6331-625 


4-3012 


2-6448 


13-6 


184-96 


2515-456 


8-6878 


2-387 


18-6 


345-96 


6434-856 


4-3128 


2-6495 


13-7 


187-69 


2571-353 


8-7013 


2-3928 


18-7 


349-69 


6539-203 


4-3248 


2-6543 


13-8 


190-44 


26-28-072 


3-7148 


2-3986 


18-8 


358-44 


6644-672 


4-3359 


2-659 


13-9 


193-21 


2685-619 


.S-7283 


2-4044 


18-9 


357-21 


6751-269 


4-8474 


2-6637 


14 


196 


2744 


3-7417 


2-4101 


19 


861 


6859 


4-3589 


2-6684 


14-1 


198-81 


2803-221 


3-755 


2-4159 


19-1 


364-81 


6967-871 


4-3704 


2-6731 


14-2 


201-64 


2868-288 


3-7683 


2-4216 


19-2 


868-64 


7077-888 


4-3818 


2-6777 


14-8 


•204-49 


2924-207 


3-7815 


2-4272 


19-8 


872-49 


7189-057 


4-3932 


2-6824 


14-4 


207-36 


2985-984 


3-7947 


2-4829 


19-4 


376-36 


7301-384 


4-4045 


2-6870 


14-5 


210-25 


8048-625 


3-8079 


2-4385 


19-5 


380-26 


7414-875 


4-4159 


2-6916 


14-6 


213-16 


3112-186 


8-821 


2-4441 


19-6 


384-16 


7529-536 


4-4272 


2-6962 


14-7 


216-09 


3176-528 


8-8341 


2-4497 


19-7 


388-09 


7645-373 


4-4385 


2-7008 


14-8 


219-04 


8241-792 


3-8471 


2-4552 


19-8 


392-04 


7762-892 


4-4497 


2-7053 


14-9 


222-01 


8807-949 


3-86 


2-4607 


19-9 


396-01 


7880-599 


4-4609 


2-7099 


15 


225 


3375 


3-873 


2-4662 


20 


400 


8000 


4-4721 


2-7144 


15-1 


228-01 


3442-951 


3-8859 


2-4717 


20-1 


404-01 


8120-601 


4-4883 


2-7189 


15-2 


231-04 


8511-808 


3-8987 


2-4771 


20-2 


408-04 


8242-408 


4-4944 


2-7284 


15-8 


284-09 


3581-577 


3-9115 


2-4825 


20-8 


412-09 


8365-427 


4-5055 


2-7279 


15-4 


287-16 


3652-264 


3-9243 


2-4879 


20-4 


416-16 


8489-664 


4-5166 


2-7824 


15-5 


240-25 


3723-875 


3-937 


2-4938 


20-5 


420-25 


8615-125 


4-5277 


2-7368 


15-6 


248-86 


8796-416 


3-9497 


2-4987 


20-6 


424-36 


8741-816 


4-5887 


2-7413 


15-7 


246-49 


3869-893 


3-9623 


2-504 


20-7 


428-49 


8869-748 


4-5497 


2-7457 


15-8 


249-64 


3944-312 


8-9749 


2-5093 


20-8 


432-64 


8998-912 


4-5607 


2-7502 


15-9 


252-81 


4019-679 


8-9875 


2-5146 


20-9 


436-81 


9129-329 


4-5716 


2-7545 



17 
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CALCULtrS FOE BNGINBBES 







Table 


or Sqxjarrs, 


Etc. 


—Continued. 






No. 


Square. 


Cube. 


Square 
Root. 


Cube 
Root. 


No. 


Square. 


* Cube. 


Square 
Root. 


Cube 
Root. 


21 


441 


9261 


4-5826 


2-7589 


26 


676 


17576 


5-099 


2-9626 


21-1 


445-21 


9398-931 


4-5935 


2-7638 


26-1 


681-21 


17779-581 


5-1088 


2-9663 


21-2 


449-44 


9528-128 


4-6048 


2-7676 


26-2 


686-44 


17984-728 


5-1186 


2-9701 


21-3 


453-69 


9663-597 


4-6152 


2-772 


26-3 


691-69 


18191-447 


5-1284 


2-9738 


21=4 


457-96 


9800-344 


4-626 


2-7763 


26-4 


696-96 


18399-744 


5-1881 


2-9776 


21-5 


462-25 


9938-875 


4-6368 


2-7806 


26-5 


702-25 


18609-625 


5-1478 


2-9814 


21-6 


466-56 


10077-696 


4-6476 


2-7849 


26-6 


707-66 


18821-096 


5-1575 


2-9851 


21-7 


470-89 


10218-313 


4-6586 


2-7893 


26-7 


712-89 


19034-163 


5-1672 


2-9888 


21-8 


475-24 


10860-282 


4-669 


2-7935 


26-8 


718-24 


19248-832 


6-1769 


2-9926 


21-9 


479-61 


10508-459 


4-6797 


2-7978 


26-9 


728-61 


19465-109 


5-1865 


2-9963 


22 


484 


10648 


4-6904 


2-8021 


27 


729 


19683 


5-1962 


3 


22-1 


488-41 


10793-861 


4-7011 


2-8068 


27-1 


784-41 


19902-511 


5-2058 


3-0037 


22-2 


492-84 


10941-048 


4-7117 


2-8105 


27-2 


739-84 


20128-648 


5-2154 


3-0074 


22-3 


497-29 


11089-567 


4-7228 


2-8147 


27-8 


745-29 


20346-417 


5-2249 


3-0111 


22-4 


501-76 


11239-424 


4-7329 


2-8189 


27-4 


750-76 


20570-824 


5-2345 


3-0147 


22-5 


506-25 


11390-625 


4-7434 


2-8281 


27-5 


756-25 


20796-875 


5-244 


3-0184 


22-6 


510-76 


11543-176 


4-7539 


2-8273 


27-6 


761-76 


21024-576 


5-2536 


3-0221 


22-7 


515-29 


11697-083 


4-7644 


2-8814 


27-7 


767-29 


21353-933 


5-2631 


3-0257 


22-8 


519-84 


11852-352 


4-7749 


2-8856 


27-8 


772-84 


21484-952 


5-2726 


8-0293 


22-9 


524-41 


12008-989 


4-7854 


2-8897 


27-9 


778-41 


21717-639 


5-282 


3 033 


23 


529 


12167 


4-7958 


2-8438 


28 


784 


21952 


5-2915 


3-0366 


23-1 


533-61 


12326-891 


4-8062 


2-8479 


28-1 


789-61 


22188-041 


5-3509 


3-0402 


23-2 


538-24 


12487-168 


4-8166 


2-8521 


28-2 


795-24 


22425-768 


5-3104 


8-0488 


23-3 


542-89 


12649-337 


4-827 


2-8562 


28-8 


800-89 


22665-187 


5-3198 


3-0474 


23-4 


547-56 


12812-904 


4-8373 


2-8608 


28-4 


806-56 


22906-304 


5-8292 


3-051 


28-5 


552-25 


12977-875 


4-8477 


2-8643 


28-5 


812-26 


23149-125 


5-3885 


3-0546 


23-6 


556-96 


18144-256 


4-858 


2-8684 


28-6 


817-96 


23393-656 


5-8479 


3-0581 


23-7 


561-69 


13312-053 


4-8683 


2-8724 


28-7 


823-69 


23639-908 


5-8572 


8-0617 


23-8 


566-44 


13481-272 


4-8785 


2-8765 


28-8 


829-44 


23887-872 


6-8666 


3-0652 


23-9 


571-21 


13651-919 


4-8888 


2-8805 


28-9 


835-21 


24137-569 


5-8759 


3-0688 


24 


576 


13824 


4-899 


2-8845 


29 


841 


24389 


5-3852 


3-0723 


24-1 


580-81 


18997-521 


4-9092 


2-8885 


29-1 


846-81 


24642-171 


5-3944 


3-0758 


24-2 


585-64 


14172-48S 


4-9193 


2-8925 


29-2 


852-64 


24897-088 


5-4037 


8-0794 


24-3 


590-49 


14848-907 


4-9295 


2-8965 


29-3 


858-49 


25153-757 


5-4129 


3-0829 


24-4 


595^36 


14526-784 


4-9896 


2-9004 


29-3 


864-36 


25412-184 


5-4222 


8-0864 


24-5 


600-25 


14706-125 


4-9497 


2-9044 


29-5 


870-25 


25672-375 


5-4314 


3-0899 


24-6 


605-16 


14886-936 


4-9598 


2-9083 


29-6 


876-16 


25934-336 


5-4406 


8-0934 


24-7 


610-09 


15069-223 


4-9699 


2-9123 


29-7 


882-09 


26198-073 


5-4498 


8-0968 


24-8 


615-04 


15252-992 


4-9799 


2-9162 


29-8 


888-04 


26463-592 


5-4589 


3-1003 


24-9 


620-01 


15438-249 


4-9899 


2-9201 


29-9 


894-01 


26730-899 


6-4681 


3-1038 


25 


625 


15625 


5 


2-9240 


30 


900 


27000 


5-4772 


8-1072 


25-1 


630-01 


15813-251 


5-01 


2-9279 


30-1 


906-01 


27270-901 


5-4863 


3-1107 


25-2 


635-04 


16003-008 


5-02 


2-9318 


80-2 


912-04 


27548-608 


5-4954 


3-1141 


25-3 


640-09 


16194-277 


5-0299 


2-9357 


30-8 


918-09 


27818-127 


5-5045 


3-1176 


25-4 


645-16 


16887-064 


5-0398 


2-9395 


3i)-4 


924-16 


28094-464 


5-6136 


3-121 


25-5 


650-25 


16581-375 


5-0498 


2-9484 


80-5 


930-25 


28372-628 


5-5226 


5-1244 


25-6 


655-36 


16. 77-216 


5-0596 


2-9472 


80-6 


986-36 


28652-616 


5-5317 


8-1278 


25-7 


660-49 


16974-593 


5-0695 


2-9511 


30-7 


942-49 


28934-443 


5-5407 


8-1312 


25-8 


665-64 


17173-512 


50794 


2-9549 


80-8 


948-64 


29218-112 


6-5497 


8-1346 


25-9 


670-81 


178?8-979 


5-0892 


2-9587 


30-9 


954-81 


29503-629 


5-5687 


3-138 
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No. 



Square. Cube, ^^^^f 



Root. 



Cube 
Root. 



No. Square. 



Cube. 



Square Cube 
Root. Root. 



Si 

31-1 

31-2 

31-3 

31-4 

31-5 

31-6 

31-7 

31-8 

31-9 

32 

32-1 

32-2 

32-3 

32-4 

32-5 

32-6 

32-7 

32-8 

32-9 

33 

33 

33-2 

33-3 

33-4 

33-5 

33-6 

33-7 

33-8 

33-9 

34 

34-1 

34-2 

34-3 

34-4 

34-5 

34-6 

34-7 

34-8 

34-9 

35 

351 

35-2 

35-3 

35-4 

35-5 

35-6 

35-7 

B5-8 

35-9 



ytii 

967-21 
973-44 
979-69 
985-96 
992-25 
998-56 
1004-89 
1011-24 
1017-61 
1024 
1030-41 
1036-84 
1043-29 
1049-76 
1056-25 
1062-76 
1069-29 
1075-84 
1082-41 
1089 
1095-61 
1102-24 
1108-89 
1115-56 
1132-25 
1128-96 
1135-69 
1142-44 
1149-21 
1156 
1162-81 
1169-64 
1176-49 
1183-36 
1190-25 
1197-16 
1204-09 
1211-04 
1218-01 
1225 
1232-01 
1-239-04 
1246-09 
1253-16 
1260-25 
1267-36 
1274-49 
1281-64 
1288-81 



29791 

30080-231 

30371-328 

30664-297 

30959-144 

31255-875 

31554-496 

31855-013 

32157-432 

32461-759 

32768 

33076-161 

33386-248 

33698-267 

34012-224 

34328-125 

34645-976 

34965-783 

35287-552 

35611-289 

35937 

36264-691 

36594-368 

36926-037 

37250-704 

37595-375 

37933-056 

38272-753 

38614-472 

38958-219 

39304 

39651-821 

40001-688 

40353-607 

40707-584 

41063-625 

41421-736 

41781-923 

42144-192 

42508-549 

42875 

43243-551 

43614-208 

43986-977 

44361-864 

44738-875 

45118-016 

45499-293 

45882-712 

46268-279 



5-5B78 

5-5767 

5-5857 

5-5946 

5-6035 

5-6124 

5-6213 

5'6302 

5-6391 

5-648 

5-6569 

5-6656 

5-6745 

5-6833 

5-6921 

5-7008 

5-7096 

5-7183 

5-7271 

5-7358 

5-7446 

5-7532 

5-7619 

5-7706 

5-7792 

5-7879 

5-7965 

5-8051 

5-8137 

5-8223 

5-831 

5-8395 

5-848 

5-8566 

5-8651 

5-8736 

5-8821 

5-8906 

5-8981 

5-9076 

5-9161 

5-9245 

5-933 

5-9414 

5-9498 

5-9582 

5-9666 

5-9749 

5-9833 

5-9917 



3-1414 

3-1448 

3-1481 

3-1515 

3-1548 

3-1582 

3-1615 

3-1648 

3-1671 

3-1715 

3-1748 

3-1781 

3-1814 

3-1847 

3-188 

3-1913 

3-1945 

3-1978 

3-201 

3-2043 

3-2075 

3-2108 

3-214 

3-2172 

3-2204 

3-2237 

3-2269 

3-2301 

3-2332 

3-2364 

3-2396 

3-2428 

3-246 

3-2491 

3-2522 

3-2554 

3-2586 

3-2617 

3-2648 

3-2679 

3-2711 

3-2742 

3-2773 

3-2804 

3-2835 

3-2866 

3-2897 

3-2927 

3-2958 

3-2989 



36 

36-1 

36-2 

36-3 

36-4 

36-5 

36-6 

36-7 

36-8 

36-9 

37 

37-1 

37-2 

37-3 

37-4 

37-5 

37-6 

37-7 

37-8 

37-9 

38 

38-1 

38-2 

38-3 

38-4 

38-5 

38-6 

38-7 

38-8 

38-9 

39 

39-1 

39-2 

39-3 

39-4 

3'J-5 

39-6 

39-7 

39-8 

39-9 

40 

40-1 

40-2 

40-3 

40-4 

40-5 

40-6 

40-7 

40-8 

40-9 



1296 

1303-21 

1310-44 

1317-69 

1324-96 

1332-25 

1339-56 

1346-89 

1354-24 

1361-61 

1369 

1376-41 

l;-J83-84 

1391-29 

1398-76 

1406-25 

1413-76 

1421-29 

1428-84 

1436-41 

1444 

1451-61 

1459-24 

1466-89 

1474-56 

1482-25 

1489-96 

1497-69 

1505-44 

1513-21 

1521 

1528-81 

1536-64 

1544-49 

1552-36 

1560-25 

1568-16 

1576-09 

1584-04 

1592-01 

1600 

1608-01 

1616-04 

1624-09 

11)32-16 

1640-25 

1648-36 

1656-49 

1664-64 

1672-81 



46656 

47045-881 

47437-928 

47832-147 

48228-544 

48627-125 

49027-896 

49430-863 

49836-032 

50243-409 

50653 

51064-811 

51478-848 

51895-117 

52313-624 

52734-375 

53157-376 

53582-633 

54010-1-52 

54439-939 

54872 

55306-341 

55742-968 

56181-887 

56623-104 

57066-625 

57512-456 

57960-603 

58411-072 

58863-869 

59319 

59776-471 

60236-288 

60698-457 

61162-984 

61629-875 

62099-136 

62570-773 

63044-792 

63521-199 

64000 

64481-201 

64964-808 

65450-827 

65939-264 

66430-125 

66923-416 

67419-143 

67911-312 

68417-929 



3-3019 
3-305 
3-308 
3-3111 
3-3141 
3-3171 
3-3202 
3-3232 
3-3262 
3-3292 
3-3322 
3-3352 
3-3382 
3-3412 
3-3442 
3-3472 
3-3501 
3-3531 
3-3561 
3-359 
3-362 
3-3649 
1806 3-3679 
■1887 3-3708 
1968 3-3737 
■2048 3-3767 
■2129 3-3796 



•0083 

■0166 

■0249 

-0332 

■0415 

-0498 

•0581 

-0663 

-0745 

•0828 

-091 

•0992 

■1074 

1156 

1237 

1319 

14 

1482 

1563 

1644 

1725 



2209 
•229 
■237 
■245 
•253 
•261 
•269 
•2769 
•2849 
1-2929 
3008 
3087 
■3166 
■3246 
3325 
■3404 
■3482 
■3561 
-3639 
■3718 
•3796 
•3875 
•3953 



3-3825 

3-3854 

3-3883 

3-3912 

3-3941 

3-397 

3-3999 

3-4028 

3-4056 

3-4085 

3-4114 

3-4142 

3-4171 

3-42 

3-4228 

3-4256 

3-4285 

3-4313 

3-4341 

3-437 

3-4398 

3-4426 

3-4464 
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Table of Squares, Eto. — Continued. 



No. 


Square. 


Cube. 


Square 
Boot. 


Cube 
Root. 


No. 


Square. 


Cube. 


Square 
Root. 


Cube 
Root. 


41 


1681 


68921 


6-4031 


3-4482 


46 


2116 


97836 


6-7823 


8-583 


41--1 


1689-21 


69426-531 


6-4109 


3-451 


46-1 


2125-21 


97972-181 


6-7897 


3-5856 


41-2 


1697-44 


69934-528 


6-4187 


3-4538 


46-2 


2134-44 


98611-128 


6-7971 


3-6882 


41-3 


1705-69 


70444-997 


6-4265 


3-4566 


46-3 


2143-69 


99252-847 


6-8044 


3-5908 


41-4 


1713-96 


70957-944 


6-4343 


3-4594 


46-4 


2152-96 


99897-344 


6-8118 


8-5934 


41-5 


1722-25 


71473-375 


6-4421 


3-4622 


46-5 


2162-25 


100544-625 


6-8191 


3-596 


41-6 


1730-56 


71991-296 


6-4498 


3-465 


46-6 


2171-56 


101194-696 


6-8264 


3-6986 


41-7 


1738-89 


72511-713 


6-4575 


3-4677 


46-7 


2180-89 


101847-563 


6-8337 


3-6011 


41-8 


1747-24 


73034-632 


6-4653 


3-4705 


46-8 


2190-24 


102503-232 


6-8411 


3-6037 


41-9 


1755-61 


73560-059 


6-473 


3-4733 


46-9 


2199-61 


103161-709 


6-8484 


3-6063 


42 


1764 • 


74088 


6-4807 


3-476 


47 


2209 


103823 


6-8557 


3-6088 


42-1 


1772-41 


74618-461 


6-4884 


3-4788 


47-1 


2218-41 


104487-111 


6-8629 


3-6114 


42-2 


1780-84 


75151-448 


6-4961 


3-4815 


47-2 


2227-84 


105154-048 


6-8702 


8-6139- 


42-3 


1789-29 


75686-967 


6-5038 


3-4843 


47-3 


2237-29 


105823-817 


6-8775 


3-6165 


42-4 


1797-76 


76225-024 


6-5115 


3-487 


47-4 


2246-76 


106496-424 


6-8848 


3-619 


42-5 


1806-25 


76765-625 


6-5192 


3-4898 


47-5 


2256-25 


107171-875 


6-892 


3-6216 


42-6 


1814-76 


77308-776 


6-5268 


3-4915 


47-6 


2265-76 


107850-176 


6-8993 


3-6241 


42-7 


1823-29 


77854-483 


6-5345 


3-4952 


47-7 


2275-29 


108531-333 


6-9065 


8-6267 


42-8 


1831-84 


78402-752 


6-5422 


3-498 


47-8 


2284-84 


109215-352 


6-9188 


8-6292 


42-9 


1840-41 


78953-589 


6-5498 


3-5007 


47-9 


2294-41 


109902-289 


6-921 


3-6317 


43 


1849 


79507 


6-5574 


3-5034 


48 


2304 


110592 


6-9282 


3-6342 


43-1 


1857-61 


80062-991 


6-5651 


3-5061 


48-1 


2313-61 


111284-641 


6-9354 


3-6368 


43-2 


1866-24 


80621-568 


6-5727 


3-5088 


48-2 


2323-24 


111980-168 


6-9426 


3-6893 


43-3 


1874-89 


81182-737 


6-5803 


3-5115 


48-3 


2332-89 


112678-587 


6-9498 


8-6418 


43-4 


1883-56 


81746-604 


6-5879 


3-5142 


48-4 


2342-56 


113379-904 


6-957 


3-6443 


43-5 


1892-25 


82312-875 


6-5954 


3-5169 


48-5 


2352-25 


114084-125 


6-9642 


3-6468 


43-6 


1900-96 


82881-856 


6-603 


3-5196 


48-6 


2361-96 


114791-256 


6-9714 


3-6493 


43-7 


1909-69 


83453-453 


6-6106 


3-5223 


48-7 


2371-69 


115501-303 


6-9785 


3-6513 


43-8 


1918-44 


84027-672 


6-6182 


3-525 


48-8 


2381-44 


116214-272 


6-9857 


3-6543 


48-9 


1927-21 


84604-519 


6-6257 


3-5277 


48-9 


2391-21 


116930-169 


6-9929 


3-6568 


44 


1936 


85184 


6-6332 


3-530B 


49 


2401 


117649 


7 


3-6593 


44-1 


1944-81 


85766-121 


6-6408 


3-533 


49-1 


2410-81 


118370-771 


7-0071 


3-6618 


44-2 


1953-64 


86350-888 


6-6483 


3-5357 


49-2 


2420-64 


119095-488 


7-0143 


3-6643 


44-3 


1962-49 


86938-307 


6-6558 


3-5384 


49-3 


2430-49 


119823-157 


7-0214 


3-6668 


44-4 


1971-36 


87528-384 


6-6633 


3-541 


49-4 


2440-36 


120553-784 


7-0285 


8-6692 


44-5 


1980-25 


88121-125 


6-6708 


3-5437 


49-5 


2450-25 


121287-375 


7-0356 


8-6717 


44-6 


1989-16 


88716-536 


6-6783 


3-5463 


49-6 


2460-16 


122023-936 


7-0427 


3-6742 


44-7 


1998-09 


89314-623 


6-6858 


3-549 


49-7 


•2470-09 


122763-473 


7-0498 


3-6766 


44-8 


2007-04 


89915-392 


6-6933 


3-5516 


49-8 


2480-04 


123505-992 


7-0569 


3-6791 


44-9 


2016-01 


90518-849 


6-7007 


3-5543 


49-9 


2490-01 


124251-499 


7-064 


3-6816 


45 


2025 


91125 


6-7082 


3-5569 


50 


2500 


125000 


7-0711 


3-684 


45-1 


2034-01 


91733-851 


6-7157 


3-5595 


51 


2601 


182651 


7-1414 


8-7084 


45-2 


2043-04 


92345-408 


6-7231 


3-5622 


52 


2704 


140608 


7-2111 


3-7325 


43-3 


2052-90 


92959-677 


6-7305 


3-5648 


53 


2809 


148877 


7-2801 


3-7563 


45-4 


2061-16 


93576-664 


6-738 


3-5674 


54 


2916 


157464 


7-3485 


3-7798 


45-5 


2070-25 


94196-375 


6-7454 


3-57 


55 


3025 


166875 


7-4162 


3-803 


45-6 


2079-36 


94818-816 


6-7528 


3-5726 


56 


3136 


175616 


7-4833 


3-8259 


45-7 


2088-49 


9S44B-99B 


6-7602 


3-5752 


57 


8249 


185193 


7-5498 


3-8485 


45-8 


2097-64 


96071-912 


6-7676 


3-5778 


58 


3364 


195112 


7-6158 


3-8709 


45-9 


2106-81 


96702-579 


6-775 


3-5805 


59 


8481 


205379 


7-6811 


3-893 
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No. 


Square. 


■ Cube. 


Square 
Root. 


Cube 
Root. 


No. 


Square. 


Cube. 


Square 
Root. 


Cube 
Root. 


60 


3600 


216000 


7-746 


3-9149 


80 


6400 


512000 


8-9443 


4-3089 


61 


3721 


226981 


7-8102 


3-9365 


81 


6561 


531441 


9 


4-3267 


62 


3844 


238328 


7-874 


3-9579 


82 


6724 


551368 


9-0554 


4-3445 


63 


3969 


250047 


7-9373 


3-9791 


83 


6889 


571787 


9-1104 


4-3621 


64 


4096 


262144 


8 


4 


84 


7056 


592704 


9-1652 


4-3795 


65 


4225 


274625 


8-0623 


4-0207 


85 


7225 


614125 


9-2195 


4-3968 


66 


4356 


287496 


8-124 


4-0412 


86 


7396 


636056 


9-2736 


4-414 


67 


4489 


300763 


8-1854 


4-0615 


87 


7569 


658503 


9-3274 


4-431 


68 


4624 


314432 


8-2462 


4-0817 


88 


7744 


681472 


9-3808 


4-448 


69 


4761 


328509 


8-3066 


4-1016 


89 


7921 


704969 


9-434 


4-4647 


70 


4900 


343000 


8-3666 


4-1218 


90 


8100 


729000 


9-4868 


4-4814 


71 


5041 


357911 


8-4261 


4-1408 


91 


8281 


753571 


9-5394 


4-4979 


72 


5184 


378248 


8-4853 


4-1602 


92 


8464 


778688 


9-5917 


4-5144 


73 


5329 


389017 


8-544 


4-1793 


93 


8649 


804357 


9-6437 


4-5307 


74 


5476 


405224 


8-6023 


4-1988 


94 


8836 


830584 


9-6954 


4-5468 


75 


5625 


421875 


8-6603 


4-2172 


95 


9025 


857375 


9-7468 


4-5629 


76 


5776 


488976 


8-7178 


4-2358 


96 


9216 


884736 


9-798 


4-5789 


77 


5929 


456533 


8-775 


4-2543 


97 


9409 


912673 


9-8489 


4-5947 


78 


6084 


474552 


8-8318 


4-2727 


98 


9604 


941192 


9-8995 


4-6104 


79 


6241 


498039 


8-8882 


4-2908 


99 


9801 


970299 


9-9499 


4-6261 
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Area* and Cikcumferbnces or Ciboles up to 6 in. Diameter 
(Advancing by 32nds and 16ths). 



Dia. 


Circum. 


Area. 


Dia. 


Ciroura. 


Area. 


Dia. 


Circum. 


Area. 


A 


■0981 


-00077 


u 


4-3197 


1-4848 


3ii 


11^584 


10-679 


tV 


•1963 


•00307 


i-A 


4-516 


1-6229 


3| 


11^781 


11-044 


A 


•2945 


■0069 


1* 


4-7124 


1-7671 


m 


11^977 


11-416 


h 


•3927 


-01227 


4 


4-9087 


1-9175 


3J 


12^173 


11-793 


-^n 


•4908 


•0192 


ii 


5-1051 


2-0739 


m 


12^369 


12-177 


A 


•589 


•02761 


m 


5-3014 


2-2365 


4 


12-566 


12^566 


A 


•6872 


•0376 


ij 


5-4978 


2-4052 


4tV 


12-762 


12-962 


1 


•7854 


•04909 


i« 


5^6941 


2-58 


4* 


12-959 


13-364 


A 


•8835 


■0621 


ij 


5^8905 


2-7611 


4A 


13-155 


13-772 


A 


•9817 


■0767 


m 


6^0868 


2-9483 


4J 


13-351 


14-186 


U 


1^0799 


■0928 


2 


6^2832 


3-1416 


4A 


13-547 


14-606 


g 


1^1781 


■1104 


2iV 


6^4795 


3-3410 


4i 


13^744 


15-033 


if 


1-2762 


•1296 


^ 


6^6759 


3-5465 


ii\ 


13^94 


15-465 


TI! 


1-3744 


•1503 


2^ 


6^8722 


3-7584 


H 


14-137 


15-904 


M 


1-4726 


•1725 


2i 


7 '0686 


3-976 


4A 


14-333 


16-349 


i 


1-5708 


•1963 


2A 


7^2649 


4-2 


ii 


14-529 


16-8 


n 


1-6689 


•2216 


23 


7-461S 


4-4302 


m 


14-725 


17-257 


-h 


1-7771 


•2485 


2A 


7^6576 


4-6664 


4| 


14-922 


17-72 


if 


1-8653 


•2768 


2i 


7-854 


4^9087 


m 


15-119 


18-19 


f 


1-9635 


•3068 


2A 


8-0503 


5^1573 


H 


15-315 


18-665 


a 


2-0616 


•3382 


n 


8^2467 


5^4119 


iii 


15-511 


19-147 


n 


2-1598 


•3712 


2U 


8^443 


5^6723 


5 


15^708 


19-635 


M 


2-258 


•4057 


2i 


8^6394 


5^9395 


5iV 


15-904 


20^129 


s 


2-3562 


•4417 


m 


8^8357 


6^2126 


5* 


16-1 


20-629 


If 


2-4543 


•4793 


^ 


9^0321 


6^4918 


5A 


16-296 


21-135 


n 


2-5525 


•5185 


m 


9^2284 


6-7772 


5J 


16^493 


21-647 


s 


2-6507 


•5591 


3 


9^4248 


7-0686 


5A 


16^689 


22^166 


J 


2-7489 


•6013 


3A 


9-6211 


7-3662 


5ii- 


16-886 


22-69 


4J 


2-847 


•645 


34 


9-8175 


7-6699 


5A 


17-082 


23-221 


if 


2-9452 


•6903 


3i»tr 


10-014 


7-9798 


5* 


17-278 


23-758 


U 


3-0434 


•737 


3i 


10-21 


8-2957 


5A 


17-474 


24-301 


I 


3-1416 


•7854 


3A 


10-406 


8-618 


54 


17-671 


24-85 


l^ 


3-3379 


•8866 


3| 


10-602 


8-9462 


5iJ 


17-867 


25-406 


IJ 


3-5343 


•994 


3/^ 


10-799 


9-2807 


5| 


18-064 


25-967 


lA 


3-7306 


1^1075 


3* 


10-995 


9^6211 


5U 


18-261 


26-535 


IJ 


3-927 


1-2271 


3A 


11-191 


9^968 


5S 


18-457 


27^108 


lA 


4-1233 1-353 


3S 


11-388 


10^32 


5H 


18^653 


27 •ess 
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Meteic Equivalents. 



1 centimetre 

1 sq. centimetre . 

1 cub. centimetre 

1 kilogram 

1 kilogram-metre 

1 centimetre per sec. 

1 gram per sq. centimetre 

1 gram per cub. centimetre 

Acceleration due to gravity 



1 in. . 

1 sq. in. 

1 cub. in. . 

1 lb. (avoirdupois) 

1 ft. per sec. 

1 lb. per sq. in. . 

1 lb. per cub. in. 

1 lb. per cub. ft. . 
1 in. -lb. . 



0-3937 in. 

0-1550 sq. in. 

0-0610 cub. in. 

2-205 lb. 

86-82 in.-lb. 

0-0328 ft. per sec. 

0-0142 lb. per sq. in. 

62-42 lb. per cub. ft. 

32-2 ft. per sec. 

981-4 centimetres per sec. 

2-540 centimetres. 

6-541 sq. centimetres. 

16-38 cub. centimetres. 

-4536 kilogram. 

30-48 centimetres per sec. 

69-34 grams per sq.centimetre. 

27-616 grams per cub. centi- 
metre. 

0-016022 gram per cub. centi- 
metre. 

1152 gram-centimetres. 
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Equivalent Values of Millimetres and Inches. 



MiUi- 
metres. 


Inches. 


Milli- 
metres. 


Inches. 


Milli- 
metres. 


Inches. 


Milli- 
metres. 


Inches. 


1 


•0394 


27 


1^0630 


53 


2-0866 


79 


3^1103 


2 


■0787 


28 


1-1024 


54 


2-1260 


80 


3^1496 


3 


•1181 


29 


1-1417 


55 


2-1654 


81 


P^1890 


4 


•1575 


30 


1-1811 


56 


2-2047 


82 


3^2284 


5 


•1968 


31 


1-2205 


57 


2-2441 


83 


3-2677 


6 


•2362 


32 


1-2598 


58 


2-2835 


84 


3-3071 


7 


•2756 


33 


1-2992 


59 


2-3228 


85 


3-3465 


8 


•3150 


34 


1-3386 


60 


2-3622 


86 


3-3859 


9 


•3543 


35 


1-3780 


61 


2-4016 


87 


3-4252 


10 


•3937 


36 


1-4173 


62 


2-4410 


88 


3-4646 


11 


•4331 


37 


1-4567 


63 


2-4803 


89 


3-5040 


12 


•4724 


38 


1-4961 


64 


2-5197 


90 


3-5433 


13 


■5118 


39 


1^5354 


65 


2-5591 


91 


3-5827 


14 


•5512 


40 


1^5748 


66 


2-5984 


92 


3-6221 


15 


•5906 


41 


1^6142 


67 


2-6378 


93 


3-6614 


16 


•6299 


42 


1^6536 


68 


2-6772 


94 


3-7008 


17 


•6693 


43 


1^6929 


69 


2-7166 


95 


3-7402 


18 


•7087 


44 


1-7323 


70 


2-7559 


96 


3-7796 


19 


•7480 


45 


1-7717 


71 


2-7953 


97 


3-8189 


20 


•7874 


46 


1-8110 


72 


2-8347 


98 


3-8583 


21 


•8268 


47 


1-8504 


73 


2-8740 


99 


3-8977 


22 


■8661 


48 


1-8898 


74 


2-9134 


100 


3-9370 


23 


■9055 


49 


1-9291 


75 


2-9528 






24 


■9449 


60 


1-9685 


76 


2-9922 


(100 


mm. = 


25 


■9843 


51 


2-0079 


77 


3-0315 


1 deei 


metre.) 


26 


1^0236 


52 


2-0473 


78 


3^0709 
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K1LOGBA.MMES IN Pounds. 



Kilos. 


Pounds. 


Kilos. 


Pounds. 


Kilos. 


Pounds. 


Kilos. 


Pounds. 


1 


2-205 


26 


57-320 


51 


112-436 


76 


167-551 


■2 


4-409 


27 


59-525 


52 


114-640 


77 


169-756 


3 


6-614 


28 


61-729 


53 


116-845 


78 


171-960 


4 


8-818 


29 


63-934 


54 


119-049 


79 


174-165 


5 


11-023 


30 


66-139 


55 


121-254 


80 


176-370 


6 


13-228 


31 


68-343 


56 


123-459 


81 


178-574 


7 


15-432 


82 


70-548 


57 


125-663 


82 


180-779 


8 


17-637 


33 


72-752 


58 


127-868 


83 


182-983 


9 


19-842 


a4 


74-957 


59 


130-073 


84 


185-118 


10 


22-046 


35 


77-162 


60 


132-277 


85 


187-393 


11 


24-251 


36 


79-366 


61 


134-482 


86 


189-597 


12 


26-455 


37 


81-571 


62 


136-486 


87 


191-802 


13 


28-660 


38 


83-776 


63 


138-891 


88 


194-010 


14 


30-865 


39 


85-980 


64 


141-096 


89 


196-211 


15 


33-069 


40 


88-185 


65 


143-300 


90 


198-416 


16 


35-274 


41 


90-389 


66 


145-505 


91 


200-620 


17 


37-479 


42 


92-594 


67 


147-710 


92 


202-825 


18 


39-683 


43 


94-799 


68 


149-914 


93 


205-030 


19 


41-888 


44 


97-003 


69 


152-119 


94 


207-234 


20 


44-092 


45 


99-208 


70 


154-323 


95 


209-439 


21 


46-297 


46 


101-413 


71 


156-528 


96 


211-644 


22 


48-502 


47 


103-617 


72 


158-733 


97 


213-848 


23 


50-706 


48 


105-822 


73 


160-937 


98 


216-053 


24 


52-911 


49 


108-026 


74 


163-142 


99 


218-275 


25 


55-115 


50 


110-231 


75 


165-347 


100 


220-462 



INDEX. 



Acceleration, 17. 
Adiabatic expansion, 142. 
Amsler's planimeter, 28. 
Areas by — 

Counting squares, 25. 

Integration, 125. 

Mid-ordinates, 30. 

Planimeter, 28. 

Simpson's rule, 31. 

Sum curve, 26. 

Weddle's rule, 31. 

B 

Batteries, resistance of, 
greatest power, 109. 

Beams, deflections of, 187. 

Bearings, friction on, 171. 

Belt, friction of, 65. 

Bending moment curves, 
107. 



for 



18, 



Cables, hanging, 223. 

Catenary, 220. 

Centres of gravity and centroids, 

145. 
Centre of pressure, 167. 
Coefficients, differential, 90. 
Column formula, 116, 210. 
Compound interest law, 63. 
Continuous bodies, 147. 
Cosecant, 58. 
Cotangent, 59. 
Crank effort diagram, 20, 
Critical valves, 11, 99. 
Cubic laws, 47. 



Curvative, radius of, 216. 
Curves, derived, 16. 

— second derived, 17. 

— shear and B. M., 18. 

— sum, 20. 

— velocity, 22. 
Cycloid, 231. 



Damped vibrations, 75, 205. 
Deflections of beams, 187. 
Definite Integrals, 125. 
Dependent variables, 5. 
Derived curves, 16. 
Diagrams, indicator, 191 
Differential coefficients, 90. 
Differentiation equations 204. 
— ^ partial, 196. 
— successive, 92. 
-^ systematic, 79. 



liffioienoy of screw, 114. 
Energy in a flywheel, 187. 
Engine cylinder, work done 

in, 142. 
Epicycloid, 234. 
Errors, 2. 

Euler's column formula, 210. 
Evolutes, 228. 
Expansion, adiabatic, 142. 
— isothermal, 143. 
Exponential and logarithmic 

laws, 68. 



Plow of water, problems on, 
111, 183. 
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Flywheel, kinetic energy of, 

187. 
Formulse, 38. 

Algebraical, 39. 

Trigonometric, 53. 
Friction — 

Between belt and pulley, 65. 

On footstep bearings, 171. 

— collar bearing, 173. 

— conical bearing, 175. 

— flat bearing, 171. 
Function of a function, 75, 83. 
Fundamental slopes, 84. 



G 

Graphs, expression of physical 

relations by means of, 9. 
— of simple functions, 38-60. 
Gravity, centres of, 145. 
Gyration, radius'of, 153. 



H 

Harmonic motion, 56, 208. 
Hypooyoloid, 234. 



Implicit laws, 51. 
Independent variables, 5. 
Indicator diagrams, 19. 
Inertia, moment of, 153. 
Inflection, point of, 49, 116. 
Integration — 

Application of, 129. 

Deflnite integrals, 125. 

List of standard integrals, 
123. 

Partial fractions, 133. 

Systematic, 121. 
Interpolating, 10. 
Inverse relations, 60. 
Involutes, 228. 
Isothermarexpansion, 143. 



Laws — 

Compound interest, 63. 

Cubic, 47. 

Exponential and logarithmic, 
63. 

Implicit, 51. 

Linear, 44. 

Logarithmic, 71. 

Other algebraic, 50. 

Quadratic, 45. 

Quartic and higher, 49. 

Special exponential, 69. 

Sine, 53. 
Length of curves, 219. 
Limits, theorem of, 57. 
Load point, 167. 

M 

Magnet, force upon, 115. 
Maxima and minima, 99. 

Efficiency of a screw, 114. 

Flow of water through a 
pipe. 111. 

Force of current on a, mag- 
net, 115. 

Parcel of maximum volume, 
110. 

Rolling load on a beam, 107. 
Mean values, 143. 
Mechanism, steam engine, 93. 
Moments of inertia, 153. 

Circular plate, 162. 

Parabolic segment, 166. 

Polar, 156. 

Rectangular plate, 160. 

Sphere, 165. 

Thin wheel, 161. 

Uniform cylinder, 165. 

Uniform rod, 159. 
Motion, harmonic, 56, 208. 



N 

Notch, flow of water through, 
193. 
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Pappus, theorems of, 151. 
Parabola — 

Slope of, 47. 

Centre of gravity of, 149. 

Moment of Inertia of, 166. 
Partial differentiation, 196. 

— fractions, 166. 
Pipe, flow in. 111. 
Planimeter, 28. 
Point of inflection, 49, 116. 
Pressure, centre of, 167. 

Eectangular surface extend- 
ing up to water line, 169. 

Eectangular and circular sur- 
faces entirely below the 
water line, 170. 

R 

B<idius of curvature, 216. 

— of gyration, 153. 

— of curvature of parabola, 

219. 
Eankine's column formula, 116. 
Rate of increase, 11. 
Rolling load on a beam, 107. 
Boot, mean square, 179. 

s 

Sohiele's pivot, 177. 

Screw, efficie.icy of, 114. 

Secant, definition of, 59. 

Second derivad curve, 17. 

— ■ moment, see Moment of in- 
ertia. 

Shear and B. M. curves, 18. 

Simple harmonic motion, 56, 
208. 

Simpson's rule for measure- 
ment of areas, 31. 



Sine law, 54. 

Fundamental, 84. 

Properties of, 56. 
Slopes — 

List of standard, 90 

Measurement of, 12. 

Obtained from, formulffi, 79. 

Of parabola, 47. 

Standard, 86. 
Small variations, 198. 
Standard integrals, list of, 

123. 
Standard slopes, 86. 
— list of, 90. 
Steam engine mechanism, 12, 

98. 
Successive diflerentiation, 92. 
Sum curves, 20. 



Tangent, definition, 57. 
— graph of, 58. 
Toothed gearing, 230, 236. 
Traotrix, 179, 220. 
Trochoid, 234. 



Variables, dependent, 5. 

— independent, 5. 
Velocity curve, 22. 

— of falling- body, 130. 

w 

Weddle's rule for measurement 

of areas, 31. 
Weir, flow over, 183. 
Work, curve, 22. 

— done in engine cylinder, 

142. 



ABERDEEN : THE UNIVERSITY PRESS 



VOLUME IV 



TOOTHED GEARING 

G. T. WHITE, B.Sc. (Lond.) 

226 Pages 136 Illustrations 

Price 3/6 net (Post Free, 3/9 Home ; 4/- Abroad) 



PUBLISHED BY 

SCOTT, GREENWOOD & SON 

8 BROADWAY, LUDGATE, LONDON, E.G. 



VOLUME IX 



THE ELEMENTARY PRINCIPLES OF 

ILLUMINATION 

AND 

ARTIFICIAL LIGHTING 

BY 

A. BLOK, B.ScEng. (Lond.) 

248 Pages. IVith 'Numerical Tables.^ 
Worked Examples and 126 Illustrations 

Price 3/6 net (Post Free, 3/9 Home ; 4/- Abroad) 



PUBLISHED BY 

SCOTT, GREENWOOD & SON 

8 BROADWAY, LUDGATE, LONDON, E.G. 



VOLUME XI 



THE ELEMENTARY PRINCIPLES OF 

SURVEYING 

BY 

M.- T. M. ORMSBY 

244 Pages. With Worked Examples 
and 135 Illustrations and Diagrams 

Price 4/- net (Post Free, 4/3 Home ; 4/6 Abroad) 



PUBLISHED BY 

SCOTT, GREENWOOD & SON 

8 BROADWAY, LUDGATE, LONDON, E.G. 



